Preface

This textbook is devoted to the intermediate—level course on ordinary differential equations. It
treats, as standard topics: existence and uniqueness theory, stability theory and short introduction
to functional differential equations. A material of the course is very compressed. The limitation
of the time for lecturing did not allow giving deeper suggested topics and more examples. But the
content of the textbook reflects main knowledge in ODE, which are studied at many universities.
Suggested material is self-contained and sufficient for continuing of self-studying.

The author thanks his students who worked through several preliminary editions of the manuscript
as it developed in courses taught at the Suranaree University of Technology (Thailand) since 1997.
Their questions, objections, and suggestions have helped to smooth out many rough spots. Among
the individuals I gratefully acknowledge Wei-Wei who typed the first version of the course and Nikolay
P.Moshkin.
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the book of Pontryagin (1974).






Contents

1 First order differential equations
1.1 Imtroduction . . . . . . . . ..
1.2 First-order linear equations . . . . . . . . . .. Lo
1.2.1 Linear equations (general survey) . . . . ... .. ... ...
1.2.2  Quasilinear equations, implicit solutions . . . . . . . .. ... ...
1.2.3 Linear fractional equations . . . . . . . . . .. ..o
1.2.4 Complex differential equations . . . . . . . .. .. ... oL
1.3 The initial value problem (Cauchy problem) . . . . . .. .. ... ... ... .....
1.4 Uniqueness and continuity . . . . . . . . . . ...
1.5 Comparison theorems . . . . . . . . . ...

2 Existence and uniqueness
2.1 Additional Knowledge (from Real Analysis) . . . .. ... ... ... ... ......
2.1.1 Normed spaces . . . . . . . . .
2.1.2 Openand closed sets. . . . . . . . . .
2.1.3 The Cauchy sequence . . . . . . . . . . .
2.1.4  Contraction principle . . . . . . .. .o
2.1.5  Continuity of solutions with respect to a parameter . . . . . . . ... ... ..
2.2 Existence and uniqueness theorems . . . . . . . .. ..o
2.2.1 Global theorem . . . . . . . . ...
2.2.2  Existence and uniqueness theorems in the case m >1 . . . . . . . .. ... ..
2.3 Existence without a Lipschitz condition . . . . . . . .. ... ... ... ...
2.4 Continuity of solution with respect to initial values and parameters . . . . . .. . ..
2.5 Behavior of the solution at the ends of maximal interval . . . . . . ... ... .. ...
2.6 Dynamical systems . . . . . .. ...
2.7 The perturbation equation . . . . . . .. ..o Lo

3 Linear systems
3.1 Systems of linear equations . . . . . . . . . ... Lo
3.1.1 Fundamental system of solutions . . . . . . ... ... ... ... .. .....
3.1.2 The Wronskian . . . . . . . . . . ...
3.1.3 The Liouville formula . . . . . . . .. . ... .. ...
3.1.4 Method of variation of parameters . . . . . . . . ... ...
3.2 Periodic linear systems . . . . . . . ...
3.2.1 Algebraic background . . . . . . ...
3.2.2  The Liapunov theorem for periodic linear systmes . . . . . . .. ... .. ...
3.3 Linear homogeneous systems with constant coefficients . . . . . . ... ... ... ..
3.4 Linear equations of m-thorder . . . . . . . . . . .. ... ... ... ...
3.5 Second order linear equations . . . . . . . .. ..

© 0o ot G



3.5.1 Basesofsolutions . . . .. ... ... ... ... .. ..
3.5.2 Separation theorems . . . . ... ... ... ......
3.5.3 Adjoint operators . . . . .. ...
3.5.4 Two—-endpoints problem . . . . . .. ... .. ... ..
4 Stability theory
4.1 Stability definitions . . . . . ... ..o
4.2 Stability and instability theorems . . . . . . .. ... ... ..
4.2.1 The Lyapunov theorems . . . . . ... ... ... ...
4.2.2 The Chetaev theorem . . . . . . . ... .. ... ....
4.3 Stability of quasilinear systems . . . .. ... ... ... ...
5 Introduction to functional differential equations
5.1 Definitions . . . . . .. ..o
5.2 Uniqueness of solution . . . . . . ... .. .. ... ... ..
5.3 Existence theorem . . . . . . ... ... ... ... ... ..

CONTENTS



Chapter 1

First order differential equations

Modern technology requires a deeper knowledge of the behavior of real physical phenomena. Today
the main way of studying physical processes and obtaining new knowledge is mathematical modelling:
using efficient mathematical modelling allows us to reduce time used in investigation and obtaining
new results.

Mathematical models of real world phenomenon are formulated as algebraic, differential or integral
equations (or a combination of them). These equations are constructed on the basis of our knowledge
about physical phenomena. After the construction of equations the study of their properties is
necessary. At this stage the theory of ordinary differential equations plays a significant role.

1.1 Introduction

Definition 1.1. A differential equation is an equation depending on values of unknown functions,
its derwatives and independent variables. Ordinary differential equations are differential equations
whose unknown functions only depend on one (independent) variable.

Ordinary differential equations (ODE) are classified according to order. The order of ODE is
defined by the largest order of containing derivatives.

Example 1.1.
y/xZ + 3y2 _
vy+ ) =

In this chapter we consider first order ODEs. A general form of a first order ODE is

O(z,y,y') = 0.

Here the function ® is a function of the three independent variables: the independent variable z, an
unknown function y = y(z) and the derivative y' = v/(z).

Definition 1.2. (Normal form of first order ODE) If an equation has a special the form
M(z,y) + N(z,y)y =0,
then it is called a quasilinear equation. If the functions M and N have form
M =b(z)y+c(x), N =a(z),
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6 CHAPTER 1. FIRST ORDER DIFFERENTIAL EQUATIONS

then this equation is called a linear equation.
The main goal of studying differential equations is to find their solutions.

Definition 1.3. A solution of ODE is a function f(z), © € J that ®(x, f(x), f'(x)) = 0 for
any x in the interval J.

Example 1.2. Let us consider the first-order ODE
x+yy =0.

If y = y(z) is a solution of this equation, then

d
(@ +y7) =2z +yy) = 0.

It means that y = f(z) is a solution of the equation if and only if
1'2 4 f2 — C,
where C' is a constant. This formula gives the solution y = f(z) implicitly. The solution is

y=+vC—22 o y=-—C-—2?

and it is defined only in the interval (—v/C, vO).

Example 1.3. (Fundamental theorem of the calculus)
Let the function g(x) in the equation

Y(z) =g(x), z€J

be continuous in the interval J. For given numbers ¢ € J and a € J there is one and only one
solution y = f(z) in the interval J that f(a) = c¢. This solution is given by the integral

Flz)=c+ /;g(t) dt.

Example 1.4. Equations of the type

can be solved by using the previous method.
Let y = f(x), = € J be a solution of this equation. Assume that f’(a) # 0, (a € J). From the
inverse function theorem one can obtain the inverse function = = ¢(y). Then for the function ¢(y)

one has p p )
T T
1=—h(y) or — =
) dy  h(y)

and we can use the previous example.

Example 1.5. The previous examples are particular cases of separable equations. Separable
equations can be written in the form

M(z)+ N(y)y' =0
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Separable DEs easy can be solved formally. Really, we can rewrite the equation as
M (z)dx + N(y)dy = 0.

If the functions M(x) and N(y) are continuous, then there exist ¢(z) = [ M(x)dx and ¥(y) =
J N(y)dy (indefinite integrals). It means that the solution y = f(z) satisfies

d(z) +(y) = C,

where C' is constant. If N(y) = ¢'(y) # 0, then the last equation can be solved with respect
to y = f(z). Usually the constructed solution is only local, because the implicit theorem only
guarantees a local solution.

1.2 First—order linear equations

Definition 1.4. The ODE
a(z)y +b(x)y +c(x) =0

1s called a first order linear ODE.
If ¢(z) = 0 then it is called a homogeneous equation, and nonhomogeneous otherwise. If a(z)
does not vanish in the interval J, then we can rewrite it in the normal form

Y = —p(x)y + q().

Let us consider the problem how to find a solution of the last equation?
At first we take homogeneous case

This is separable equation, therefore
1
—dy + p(z)dx = 0.
Y

After integrating and exponentiating we obtain

y =K -exp(— /p(:v)dx),

where K is constant. By using P(z) = [ p(z)dz (indefinite integral) we can get the same formula by

another way

d
d*(yep(””)) =y’ + ye" @ P (z) = " (y + p(z)y) = 0.
X

It means that the general solution of the homogeneous equation has the form
y= K exp(~P(z)).

Theorem 1.1. All solutions of a linear homogeneous equation are of this from.

Now let us consider the nonhomogeneous equation. Multiplying the equation on e(®)

we have

= q(z)e"™

or after integrating
yel @ = ¢ 4 /q(m)ep(x)dx
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Here we used indefinite integrals. If we know that y(a) = yo (it is called an initial value) we can
rewrite it as

y = o~ P@) (yo + /j q(t)ep(t)dt), P(x) = /:p(t)dt.

Theorem 1.2. The general solution of the nonhomogeneous linear first order ODE has this
form.

1.2.1 Linear equations (general survey)

Let X and Y be linear spaces.
Definition 1.5. A: X — Y s a linear operator if

o Alxy +a9) = Azy + Azy, Va0 € X
o A(A\x) = Mz, VAeR, zeX.

Example 1.6. A is m X m matrix.
Example 1.7. The mapping A : C'(J) — C(J)

Ap(z) = a(x)¢'(z) + b(z)¢(2),
where ¢ € C'(J), a,b € C(J)
Let us consider the equation (linear equation)
Az =b (1.1)
Here A: X - Y, beY and z € X is unknown.

Theorem 1.3. Any solution of the linear equation (1.1) can be represented as
T = Tp+ X,

where x, s a particular solution of the equation and x( is some solution of the homogeneous equation
A.Z'O =0.
Proof.
1) Let us show that x = x, + z¢ is a solution of (1.1)
Ax = A(zy + x0) = Az, + Azg = b.

2) Let x and z, be solutions of (1.1). Then zy = = — x,, satisfies the linear homogeneous equation
Azxg = 0. Really,
Azg=Alr —2,) = Az — Az, =b—b=0.
O

Remark 1.1. (Consequence) Any initial value problem of the linear ODE

/

v =—p@)y+a(z),  y(zo) = %o
with p(x), q(x) € Cla,b] and xy € [a,b] has one and only one solution defined on the interval |a, b].
Exercise 1.1. Why can the initial value problem
2y —2y=0, 29=0, yo=0
have many solutions?

Remark 1.2. Method of variation of parameter (a way of constructing solutions of nonhomo-
geneous linear ODE).
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1.2.2 Quasilinear equations, implicit solutions

The quasilinear equation
M(z,y) + N(z,y)y =0

can be rewritten as
M(z,y)dx + N(z,y)dy = 0.

If there exists a function U(z,y) such that

ou _ . U _

— = — =N
Ox ’ oy ’

then this equation is called an exact differential equation. Why? Because it can be written as

ou ou
—dr+—dy=0 = dU=0
ox dy

Therefore any solution y = f(z) of this equation satisfies
Uz, f(z)) = C,

where C' is constant.

Theorem 1.4. A quasilinear equation with N, M € CY(D) and simply connected domain D is

exact DE if and only if
oM  ON

oy  Ox
If a quasilinear differential equation is not exact, then it can be done exact by multiplying on a
function u(z,y) and requiring to be exact with M = uM and N = uN:

ouM — OuN
oy  Ox

or
poyM + pMy = p N + pNy.

Definition 1.6. A function u(x,y) such that a quasilinear DE becomes exact DE is called an
integrating factor and the function ®(x,y) is called an integral if

D, = puM, ®, = uN.

Besides ”explicit” solutions y = f(x) and ”implicit” solutions ®(x, y) = 0 we will use ”parametric”
solutions where the representation of a solution is z = ¢g(t), y = h(t). In this case x = ¢(t), y = h(t)
is a solution if

g (t)M(g(t), h(t)) + N(g(t), h(t))W'(t) = 0.

For example x = Acost, y = Asint is the parametric solution of the equation

r+yy =0.
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1.2.3 Linear fractional equations

Definition 1.7. Fquations of the form

,  cr+dy
= d#0b
Y ar + by’ ad 7 be

with the constants a, b, c,d are called linear fractional equations.
An integration of this type of equations can be seen on the sequence of manipulations:

= rv(x) = ’—xv/+v:>xv'+v—c+dv
v v= a+by
, ct+dv—av—b? dx (a+ bv)dv
zv' = = — 4 —0
a+ bu r b+ (a—dv—c

Inz =g(v)+Ink=2=*kexpg(v)

(a + bv)dv
9(v) = _/bv2—|—(a—d)v—c

The same method can be applied to any DE ¢ = F(z,y), which admits the transformation & =
kx,y = ky. The method of solving such equations is the same

y=av(z) = xzv'+v=F(xav).
Because F(z,9) = F(x,y), then F(z,zv) = F(1,v). Thus,

dI dU
=Pl —v = =
v ( ,U) V= " F(L’U) v

Remark 1.3. More generally, a type of equations

y = F(z,y)

with the function F(x,y), which satisfies F(kx,k™y) = k" YF(z,y), can be solved by changing the

unknown function y = u(x)x™:

y = 2™ +nz" tu = F(z,2"u) = 2" F(1,u)

or

/ J—

zu' = —nu+ f(u)

where f(u) = F(1,u). The simplest method for checking that a equation is of this type, is to check
the equality

eF, +nyF, = (n—1)F(x,y).
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1.2.4 Complex differential equations

We have considered only real equations and real solutions, i.e. y € R". Sometimes it’s easier to find
complex solutions of real equations and then to pick out from them real solutions. For such approach
we need to introduce notion of complex system of differential equations.

Definition 1.8. A function z:J — C
z(t) = o(t) + ih(t)

with ¢ - J — R, ¥ :J — R is called a complex function of the real variable t in the interval J C R.
The same as for real functions one can define

o Z00(1) = 60 () + IO (1),
o Z(t) € Ck(J) if ¢(t) € Ck(J) and (t) € C*(J).
Remark 1.4. (Euler formula). Let w =u+iv, u € R, v € R, then

e’ = e"(cosv +isinwv).

Example 1.8. According to the previous remark, if A\ = u + iy, then

d o ay _ yox
%(e ) = Xe
In fact,
Z(t) = eM = e"(cos(yt) +isin(yt)) = ¢(t) + i)(t)
where
¢(t) = e cos(yt), p(t) = e sin(yt).
Thus,

Z'(t) = (ue" cos(yt) + e (—~ysin(yt))) + i(ue sin(yt) + e (v cos(vt))
= e (e + iy(cos(yt) + isin(yt))
eM(p + i) = Al

Exercise 1.2. Rewrite the complex equation
Z7'=7*+iZ

as a system of real equations.

1.3 The initial value problem (Cauchy problem)

We study the normal first-order DE
y = Fz,y)
The initial value problem consists of finding the solution (or solutions) y = f(z), x € J of the DE,

which satisfies the condition
f(x0) = Yo, xo € J.
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The value z is called an initial point, and the number g is called an initial value. They are given.
Another name of this problem is a Cauchy problem.

If F(z,y) = g(x) € C(J) or F(z,y) = —p(x)y + q(z) with p(x) € C(J), q(z) € C(J) we have
seen that this problem has one and only one solution and these solutions are continuously dependent
on the initial values. A problem with these properties is called a well-posed problem.

Definition 1.9. The Cauchy problem

y/ = F(&?,y), y(l'o) =c

is said to be well-posed in the domain D, if there is one and only one solution y = f(x,c) in D of
the given DE v = F(z,y) for each given (xo,c¢) € D, and if this solution varies continuously with
respect to c.

Therefore in order to show that the problem is well-posed one needs to prove the following three
theorems:

e a theorem of existence

e a theorem of uniqueness

e a theorem of continuity

We start studying the second and the third properties. At first we show that if F(z,y) € C(D),

then it is not sufficient for the uniqueness.

Example 1.9. Let us consider the set of the functions

fla) = (z = c),
where c is a parameter. These functions satisfy the equation

f(z) =3(z — ¢)* = 3f**(x).

It means that the set f(z) is a set of solutions of the equation ¥’ = 3y*?. Note that the functions
(a < pf)
(r—a)® z<a
y=1¢0 a<z<p
(x—p)° z>p
are also solutions of this equation.
Exercise 1.3. What the class C* do these functions belong to?
If one takes the Cauchy problem

y(0) =0,

then this problem has two-parameter set of solutions. Thus, this Cauchy problem has no uniqueness.

1.4 Uniqueness and continuity
We have seen that if F(z,y) € C(D), then it is not enough for uniqueness of the Cauchy problem
with (zo,y0) € D. But if F(z,y) € C'(D), then one can prove uniqueness and continuity.

Definition 1.10. A function F(x,y) satisfies a one-sided Lipschitz condition in a domain D
if there exists a finite constant L that yo > vy, tmplies

F(z,y2) — F(z,y1) < L(y2 — 1)
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for any (z,y2) € D and (x,y,) € D.

Definition 1.11. (Lipschitz condition). A function F(x,y) satisfies a Lipschitz condition in a
domain D if there exists a finite constant L that

]F(x,y)—F(x,z)]ﬁMy—z], V(l’,y)ED, V(l’,Z)GD

Exercise 1.4. Show that if F(x,y) satisfies a Lipschitz condition, then it satisfies a one-sided
Lipschitz condition.

Example 1.10. Let F(z,y) = 3y*?.

o If Dy = {(z,y)| y > > 0}, then there exists L that F(x,y) satisfies a Lipschitz condition in
Dy (L =2e71/3),

o If Dy = {(z,y)|y > 0}, then F(x,y) does not satisfy a Lipschitz condition in Dy (one cannot
find the constant L).

In checking that a function satisfies a Lipschitz condition one must find a constant L. The next
lemma is about how to find it.

Lemma 1.1. Let F(x,y) be continuously differentiable in a bounded closed conver domain

OF

D (F € CY(D)). Then it satisfies a Lipschitz condition there with L = sup 50 |
Y

D
Proof.

The domain D, being convex, contains the entire vertical segment joining (z,y) with (z,z).
Therefore there exists some n between y and z that

OF

Fle,y) - Fla2)| = ly— -] ay(sc,m\.

oF
This implies L = sup ‘ O
D |0y

Example 1.11.
a) If F(z,y) = g(x), then %—5 =0 and L can be chosen as L = 0.

b) If F(z,y) = —p(x)y + q(z), x € J (J is closed, p € C(J), q € C(J)), then %—5 = —pand L
can be chosen as L = max,¢; |p(z)].

Remark 1.5. For satisfaction a Lipschitz condition we needed only continuous differentiability
with respect to v.

Lemma 1.2. Let o(z) be a differentiable function satisfying the differential inequality:
o'(r) < Ko(x), z € [a,b]

where K is a constant. Then
o(z) < o(a)ef@Y | V€ [a,b].

Proof.
After multiplying the inequality o'(z) — Ko(z) < 0 by e %% we get

d

0> e ™o’ (x) — Ko(x)) = o

(o(z)e™).



14 CHAPTER 1. FIRST ORDER DIFFERENTIAL EQUATIONS

—Kzx —Kx <

It means that the function o(x)e is nonincreasing on the interval [a,b]. Therefore o(z)e

o(a)e e, O
Lemma 1.3. If a function F(x,y) is a one-sided Lipschitz condition function, then for any
two solutions y = g(x) and y = f(x) of the equation y = F(x,y) there is

l9(2) = f(@)]lg'(z) = f'(2)] < Llg(z) — f(x)]*.

Proof.
There is

[f(z) =g
lg(x) = f
If g(z) > f(x), then [g(z) — f(2)]lg'(x) — f'(x)] < Llg(x) — f(fv)]Q- =
Exercise 1.5. How to be in the case f(x) > g(z)?

Theorem 1.5. Let f(z) and g(x) be any two solutions of the ODE y' = F(x,y) in a domain
D and F(z,y) satisfies a one-sided Lipschitz condition with a constant L. Then

1f(z) — g(z)] < |f(a) — g(a)|eX®™, Va > a.

lg(x) = f(@)]lg' () = f'(2)] =

Proof.
Let us consider the function o(z) = [g(z) — f(x)]*>. By the previous lemmas and because of
o'(x) < 2Lo(x) we have
o(x) <exp(2L(x — a))o(a), Yz > a.
It proves the theorem. 0O

Theorem 1.6. If F(z,y) satisfies a Lipschitz condition in a domain D, f(z) and g(x) are
solutions of the ODE y' = F(x,y). Then

|[f(x) = g(2)| < exp(L|z — al)|f(a) — g(a)]

Proof.

If F(x,y) satisfies a Lipschitz condition, then F(x,y) satisfies a one-sided Lipschitz condition.
The proof of the theorem for x > a follows from the previous theorem.

If x < a, then after substitution ¢ = —x one can also apply the previous theorem. In fact, for ¢
there is the same property as before with the solutions u(t) = f(—t) and v(t) = g(—t), t > a = —a

of the equation

dw
— = —F(~t,w).
dt ( ,UJ)

Then )
u(t) — v(t)| < " Plu(a) - v(a)], t > a

or (for z < a)
[f(x) = g(2)] < "™ f(a) - g(a)| = "] f(a) — g(a)].
O

Corollary 1.1. (uniqueness). If F(x,y) satisfies a Lipschitz condition in domain a D, f(x)
and g(x) are solutions in the interval [, 5] of the Cauchy problem

y' = F(z,y), y(xo) =yo. Y(z0,%) € D,
then f(z) = g(x), Yz € o, [].
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1.5 Comparison theorems

In this section the differential inequalities

f(x) < F(z, f(x))
are studied.

Theorem 1.7. Let F(x,y) satisfy a Lipschitz condition with a constant L for x > a. If a
function f(x) satisfies the differential inequality

f(z) < Fz, f(x)), Vr=>a
and g(x) is a solution of ODE ¢'(x) = F(x, g(x)), which satisfies the condition g(a) = f(a), then

f(l') < g(x), Yz > a.

Proof.

Assume that there is x; > a such that f(z1) > g(z1). We define zg € [a, x1] that zg is the largest
x with the property f(z) < g(x). We can show that f(z¢) = g(xo) (prove this as exercise).

Let o(x) = f(x) — g(z) > 0, x € [xo, 1], then o(z1) = 0. Really, since

o) = fla)—g(x) = fx) — Fr,g()
< Fla, f(2)) - F(x,g(2)) < L(f(x) - g(x)) = Lo(x).

then
o(z) < el g (zg),  Va > x.

Thus, o(x) = 0, Vo > zo and hence, o(z1) = 0. We obtained the contradiction to the hypothesis
that f(z1) > g(zy). O

Theorem 1.8. Let g(x) and f(x) be solutions of the ODE’s

g (x) =Gz, g(x), flz)=F(=z f(x)),

where F(z,y) < G(x,y) in the strip a < x < b and F(z,y) or G(z,y) satisfies a Lipschitz condition.

If f(a) = g(a), then
f(z) <g(x), Vzela,b.

Proof.
a) Let G(x,y) satisfy a Lipschitz condition. Since

f(@) = F(z, f(2)) < G(x, f(=)),
then from the previous theorem one has
fz) < g(x), Va > a.

b) Let F(z,y) satisfy a Lipschitz condition. If we take the functions u = — f(x), v = —g(z) and
H(z,u) = —F(z,—u), then

W =H(x,u), v =-Gx,—v)<—F(x,—v)=H(z,v)
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Because H (z,v) satisfies a Lipschitz condition, then
v(z) Sulz), Vrza
or
g(x) > f(z), Vx>a.
O
Corollary 1.2. Let g(x) and f(x) be solutions of the ODE’s

g(x) =Gz, 9(x), [(z)=F(x, f(z)),

where F(x,y) < G(x,y) in the strip a < x <
f(a) = g(a), then for any x1 > a, either f(x1) <
Proof.

From the theorem we have that the function

b and G(z,y) satisfies a Lipschitz condition. If
g(@1) or f(z) = g(x), Vo € [a,z4].

o1(x) =g(x) — f(x) >0, V€ la,].

Therefore for the point x; € (a,b] there is two possibilities: either f(xq1) < g(z1) or f(z1) = g(x1).
In the first case the theorem is proved.

Assume that f(xz;) = g(z1). In this case one has to prove that f(x) = g(z), Vx € [a,x1]. Let
xo € [a, 1] be a point in which g(x¢) — f(zo) > 0. We show that then g(z) > f(z), Va € [z, x1],
that contradicts to the assumption f(z1) = g(x1). In fact, one has

oi(x) = ¢'(x) = f'(x) = Gz, 9(x)) = F(z, f(x))
> Gz, 9(r)) = Gz, f(z)) =2 =L(g(x) = f(2)) = = Lo (x).

Thus,
(e"o1(w)) = (0} (z) + Lo (z)) = 0.

Lz, () is a nondecreasing function in [zg, 71]. Consequently, we have

This means that the function e
o1(z) > oy (zg)e 20 > 0, Vo > .

O

Corollary 1.3. Let F(x,y) (or G(x,y)) satisfy a Lipschitz condition and F(z,y) < G(z,y) in
the strip a < x <b. If f(a) < g(a), then

f(z) < g(x), Vx€la,b].

Proof.
Assume that x; > a is the first « where f(z) > g(x). At this point f(z1) = g(x1). The functions

are solutions of the equations

Since

_F(_tvy) > _G(_tay)
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and ¢(—x1) = ¥(—x1), then from the theorem we obtain ¢(¢t) > ¢(t), t > —z; and, therefore
¢(—a) > YP(—a) or f(a) > g(a). It contradicts to the condition f(a) < g(a). O

Exercise 1.6. Let f(u) be continuous and
a+bf(u) #0, Yu € [p,q,
where a, b, c are constants. Show that ODE
y' = flax + by + ¢),
has a solution passing through every point of the strip

p<ar+by+c<gq.

Exercise 1.7. Let F, G, f, g be as in the last theorem, and F(z,y) < G(z,y). Show that
f(x) <g(z), Ve>a

without assuming that F' or G satisfies a Lipschitz condition.
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Chapter 2

Existence and uniqueness

2.1 Additional Knowledge (from Real Analysis)

2.1.1 Normed spaces

Let X be a linear space.

Definition 2.1. Pair (X, || - ||) is called a normed space if the function || - ||: X — Ry has the
properties:

e ) ||z||=0&2=0,
e 2) | M |=|A||x] VxreX, A& R (ahomogeneity of the norm),

e3)[[z+yl<[x|+ ]yl Veye X (atriangle inequality ).

The function || - || is called a norm (|| z || — norm of the vector x).

Exercise 2.1. Prove that| ||z || =yl |<[|z—vy]|, Vz,y € X.

Example 2.1. (R™ || - |l2) is a normed space, where || z [;= /X% 27 for any vector
T = (:Clava“"xn) S

Exercise 2.2. Prove the Schwartz inequality:

(@9l <l 2 ll2ll y 2
(Hint: Use that z* > 0 of the vector z = ax — by with a =|| x ||z and b =] y ||2).
Example 2.2. (Cla,b], | -|)) with || /(z) [|= maxecius [f(@)] VF € C(la,).
Exercise 2.3. Prove that in the previous example || - || is a norm.

2.1.2 Open and closed sets.

Definition 2.2. A set U C X is called an open set in X if

VueU, Je >0 thatVex e X, ||z —u|<e=zel.

Definition 2.3. A set M C X is called a closed set if there is an open set U that U U M =
X (M =X\U).

19
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Example 2.3. Theset U= {zr € X| | z|< 1} is open in X.
In fact, let || u |[[< 1, u€ U and z € X that ||z —u ||[<e=1— || u |, then

Iz ll=lle—utull<[[z—ul+[ul<i=llul]+]u]=1

This means that x € U.
Exercise 2.4. Prove that the set M = {x € X| | = ||< 1} is closed.
Exercise 2.5. Prove that if a set M is a closed set and {x,} — x., v, € M, then x, € M.

2.1.3 The Cauchy sequence

Definition 2.4. A sequence {x,} C X is called a Cauchy sequence if

Ve >0, AN, that Yn,m >N = |z, —z, ||<e

Definition 2.5. A normed space (X, || - ||) is called a complete normed space if every Cauchy
sequence converges (to some element of the space X ). A complete normed space is called a Banach
space.

Example 2.4. (Cla,b],| - ||) is a complete space, therefore it is a Banach space.

Exercise 2.6. Prove that (Cla,bl,]| - ||) is a Banach space.

2.1.4 Contraction principle

Definition 2.6. Let M be a closed set in X. An operator T : M — M is called a contraction on
M if there exists a constant q that 0 < g <1 and

[Tz =Tyl[<qllz-yl, Yo,y c M.

Definition 2.7. An element x, is called a fixed point of an operator T if

., =Tz,.

Exercise 2.7. Prove that T(x) = arctan(z) is not a contraction (although |arctan(z) —
arctan(y)| < |z —y|, Yo,y € R").
Let us consider a sequence {z,} with

2
T, L1 :TI(),JZQZT Loy .- -

or x,4+1 = T'z,. The vector xy € V is called an initial element.

Theorem 2.1. Let (X,| -||) be a Banach space, M be a closed set in X, and T : M — M be
a contraction. Then there exists one and only one fixed point v, = Tz, and x, € M.

Proof.

Assume that x,y € M. Since || Tz — Ty ||< ¢ ||  — y ||, then ¥n one has

[Tz =T "y < q" |z —yl, Vz,ye M.



2.1. ADDITIONAL KNOWLEDGE (FROM REAL ANALYSIS) 21

Let us consider a sequence {z,}, where x, = T"zq (or x,+; = Tx,, Vn). One can show that the
sequence {x,} is a Cauchy sequence. Let n and p be natural numbers and m = n + p. Then

I 20 = 2o [|=] 20 = Ty 121 Ty — Tngp1 + Tngp1 — - T — 2 |
< N @t = Togp—1 | 4 | Tngp1 = Tngpa [+ [ Tnga — 0 [|<
< Pl an =z |+ |t —2aa [+ q || 20 — 201 |I<
= @+ gt ) 2=z [|I€
< qltgt g ) 2 - @ =
n
= o e a2 @ n = w ) = 1T n = |

This means that Ve > 0, 3N € N, Vn > N that qunq | z1 — zo || < € and therefore
Ve >0, AN € N that Vn,m > N = ||z, —xp, ||< €.

Thus the sequence {z,} is a Cauchy sequence. Because X is a Banach space, then {z,} — z, € X.
By virtue of closeness of M and of z,, € M, we obtain x, € M.
Also one needs to prove that z, is a unique fixed point. There is the sequence of inequalities

I 2 =T [|[<|| 2 = 2n + 2n = Ty [|[<|| 22 — 2 || + || Ty = T ||

< o=zl +gll o =20 | — 0.

Therefore || 2, — Tz, ||= 0 or z, = Tz,. Assume that there is another point y € M that y = T'y.
Then
lz—yl=[Te-Tyl|[<qlz-yl

or
0<(A=g)llz—yl<0

This means that ||z —y |=0orz=y. O

Remark 2.1. In the process of proving the theorem we obtained the inequalities

1
| TPz — Tz ||< ¢" .

qp
|z =T ||
q

n

q
—4q

I =Tz ||< — 2 =Tz |

that are valid for any vector x € M.

2.1.5 Continuity of solutions with respect to a parameter

The operator equation
z =T

with an operator T\ : M — M, depends on the parameter A € V. Here M is a subset of X. For all
A € V the operators T satisfy a contraction property with 0 < g < 1:

e =Tyll<qllz=yll.

Note that ¢ does not depend on .
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By virtue of the previous theorem VA € V, Jz\ = z()\) that
Ty — T)\l’,\

We say that solution x, = x(\) depends on a parameter.

Definition 2.8. A solution x(\) is continuously dependent on X\ at the point Ao if
lx(A) —z(Xo) || =0 as X — Ao

If x(\) is continuous at every point X € V, then it is said that () is continuous on V.

Theorem 2.2. Let (X,| - ||) be a Banach space and M be a closed set in X. If for each
parameter X\ € V' the operator Ty : M — M and
1) for each A € V the operator Ty : M — M is a contraction with a constant ¢:

2) x(Ag) = Th,z(No) for Ao € V,

3) Thx(Ao) — Thox(Ao) = z(Ag) if A = Xo.

Then the solution z(\) = Thz(A) is continuous at A = Ag.
Proof.

We prove even more:

1
[ 2(A) —2(Xo) [I< e I T (Ao) = Tagz(Ao) I -
Let us consider the equation

Thox = x.

The solution z of this equation can be found as a limit of the sequence {z;}, where x) ; = Thz)
with the starting element z = x()\). From the contraction principle we have

1 1
l2(A) =2 I< T—q I w5 — Thag = T—g I 2(Xo) = Tha(Xo) || -

([l
Lemma 2.1. Let M be a ball in a normed space U :
M={uelU| ||u—u"|<r},

and the operator T : M — U is a contraction with a constant 0 < g < 1. If || Tu* —u* ||< (1 — q)r,
then T : M — M.
Proof.

Yu € M = there are the sequence of the inequalities
| Tu—u* [[<]) Tu—Tu | + || Tu —u* ||< g | u—u" || +(1 = q)r < gr+ (1= gr =r.

ThusT: M — M. 0O

Corollary 2.1. Let u = Thu be an equation with a parameter A and u* be a solution of this
equation for X = \*. Assume that M is the ball in a Banach space U :

M={ucUl [Ju-u"[<r}
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and Y\ € Vi the operator T : M — U 1is a contraction. If
Tu* — Tywu™ =u” if X — \*,
then there is a neighborhood V-C Vi of the point \* that VA €V, T\ : M — M and
u(A) = Thu(N\) — u(A*) =u* if X — A\

Remark 2.2. Note that VA € V' there exists only solution u(X) = Tyu(N).
Proof.
Because Thu* — u* if A — \*, then there exists a neighborhood V' of the point A* such that

| Ty — " ||< (1 —q)r.
By virtue of the previous lemma one obtains
Ty: M — M, VAXeV.

From the theorem of continuity with respect to a parameter A one has the proof of the lemma.
(Il

2.2 Existence and uniqueness theorems

1. Existence and uniqueness theorems are proven for normal systems of first order ordinary dif-
ferential equations.

Definition 2.9. Any system of ODEs with only first derivatives of the form

dy
A m 2.1
o (z,y), y€R (2.1)

1s called a normal system of first order ODFEs.

Definition 2.10. A normal system of ODEs for the unknown functions & (z),&(x),. .., &mw(x)
is any system of the form

d"®g, d& d&s d&m
= F —— &, = &, e 2.2
dl’n(k) k(él? dr ) 7527 dx ) ) 5 dr ZL') ( )
k= 1,m', in which for each k only derivatives Cg;ij of any &; of orders p < n(j) occur in the right

side.
In other words, the highest derivatives of each function §; can be found only in the left side.

Theorem 2.3. FEvery normal system (2.2) of ODEs is equivalent to a first order normal system

(2.1).
Proof.
By introducing new unknown functions:

d&; a1
yB o= 517y2:%a"'7yn(1):W7
d&s
Yn()+1 = &2, Yn(1)4+2 = %, ceey
m = ) n(j)

J=1
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we rewrite system (2.2) as

dy dya dyn(l)
2 = = = ., ——==F e Ymi T).
dx Y2, dx Y3, ’ dx 1(211;3/27 Y 73:)
The initial value problem for normal system (2.2) is the problem of finding a solution for which the
variables ) L
5 @ dm— 51 . f @ ' dm— 52 '
17 dx P d‘rnl_l ) 27 dl‘ P | dxn2_1 P

are given at the point z = x,.

Thus, a study of a normal system of first order DEs provides properties for normal systems.

If m" = 11in (2.2), then normal system (2.2) is called a normal equation or an ordinary DE solved
with respect to the highest derivative:

d™y

-~ =F oy,
e (9, v, ...,y )

We start studying normal systems from the theorem of existence and uniqueness for a normal
first order equations with m = 1. For the sake of simplicity, we consider the case with one unknown
function, in order to present the main ideas of proofs. All theorems are consequences of the con-
traction principle. In order to use it one needs to rewrite a normal system of ODEs as an operator
equation and to prove that this operator is a contraction.

Let us consider a first order ODE

y = F(z,y), (v,y) €D C R?

where D is an open set in R? and F € C(D). A point (zg,y9) € D is an arbitrary point in D.
Because D is open, then there is the closed rectangle V:

V={(zy) € D ||z —z| <a,ly —yol <0}

that V' C D. By virtue of continuity of the function F in D, there is a maximum ( 77)1 o
x,Y €

max |F(z,y)|. Denote h = min(a, 2) and J = [zg — h,xo + h]. It is assumed that m > 0, be-
cause in the case m = 0 the existence and uniqueness are simply solved.

Theorem 2.4. (Picard). Let F(x,y) € C(D) and satisfy a Lipschitz condition with a constant
L inV C D. Then on the interval J there is only one solution of the Cauchy problem

Yy =F(x,y), y(xo) =10, (0,y0) € D.

This solution can be obtained by the iterative method.
Proof.
The Cauchy problem

y(ﬂﬁo) =%

is equivalent to the problem of finding a solution of the operator equation

{yzF@w

y =Ty,
where the operator T': C'(J) — C(J) is defined by the formula

Ty=yo+ [ Flty)dt.



2.2. EXISTENCE AND UNIQUENESS THEOREMS 25

Let us prove that T is a contraction. For this purpose one has to construct a Banach space U, a
closed set M C U, to prove that T': M — M and T is a contraction.
Let U be a set of functions {u(z) € C(J)} with the norm

I |= mass(e= P ()

This norm is equivalent to the uniform norm on the space of continuous functions C(J):

I flh= maxfu(z)].

Exercise 2.8. Prove that
Full<llwlli<e™ [l
(Hint: |u(z)| < ePthlz=zol |y ()| ).
Theorem 2.5. (real analysis) (C(J), | - ||1) is a Banach space.
Exercise 2.9. Prove that (C(J),|| - ||) is a Banach space.
Consequence of the exercise is that the space (C(J),]| - ||) is a Banach space.

The set
M = {u(@) € Ul max|u(z) — o] < b}

is a closed set in U.

Exercise 2.10. Prove that M s a closed set in U.

To prove the Picard theorem, firstly, we show that T : M — M. This means that one needs to
prove that if u(z) € M, then Tu € M.

Because u(z) € C(J), then (Tu)(x) = yo + [,, F'(t,u(t))dt is a continuous function (prove it as
exercise). By virtue of the inequalities

vo — (Tu)@)| = | [ :F(t,u(t))dt\ <1/ F(tu®)d < [ mdt = mlz — 20| < mh <b,

one obtains that T': M — M.
The next step is to prove that T': M — M is a contraction. In order to do this one needs to find
a constant ¢ (0 < ¢ < 1) such that Yu,(z) € M, us(x) € M:

| Tuy — Tug || < q || g —us || -

This study is separated into two parts: a) @ > xp and b) z < .
For the first case (z > () one gets the sequence of the inequalities:

e M Ty = Tug - < e Mo [P (ki (8)) = P(t, walt) ]t <
o

< Le Ma—wo) /x [uy (t) — ua(t)|dt =
o
L L) /af eL(t_zo)e—L(t—xo)|ul (t) — u2(t)|dt <
o
< Le He-wo) /x M) |y —uy || dt =
o
= M g = || [ AL ) =
_ (1 . e—L(z—xo)) H Uy — u02 HS
< (Q—e ™) uy—us |-
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The case b) (z < x¢) is studied by the same way.

Exercise 2.11. Prove the inequality

e M| P () — Tun(2)] < (L— &™) [y —uy |, Y € = o — hyzo + ]

h

By taking ¢ = 1 — e~ %" one satisfies the conditions 0 < ¢ < 1 and

| Tuy — Tug || < q || up — ug ||, Yuq,us € M.

Thus, we have constructed the contraction operator 1" : M — M with the closed set M C U, where
U is a Banach space.
From the contraction principle we can conclude that there exists y(x) € M that

y(z) = yo + / F(t, y(b))dt.

Exercise 2.12. Using the Picard theorem prove that if

2) Flz,y) C C(R?) |

b) for any rectangle in R? there exists L (which depends on the rectangle),
c) there is a constant K that

sup [F(z,y)| < K.
(z,y)ER?

Then for any (zg,yo) € R? there exists one and only one solution y(z), z € R'.
(Hint: By choosing an arbitrary a one can take b such that % > a.)

Example 2.5. The Cauchy problem

{ y' = sin(z + y?)
y(z0) = Yo

has a solution for all z € R (apply the previous exercise).

2.2.1 Global theorem

Let us consider the Cauchy problem

y' = F(z,y)
{ y(zo) = vo (2:3)

with the function F'(z,y), which satisfies the properties:
(a) F(z,y) € C(D), where D = {(z,y) € R*| z € J = (a,b)}

(b) the function F'(x,y) satisfies a Lipschitz condition in D with the Lipschitz constant L(z), which
can depend on x: there is a function L(x) € C'(J) that

‘F(x7y1) - F(l’,y2>| < L(I)|y1 - y2’7 V(ﬁ,yl) S D? ('I?y?) eD.
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Remark 2.3. Left end of the interval J can be equal to —oco (a = —o0), and right end can also
be equal to 400 (b= +00).

Remark 2.4. It is possible that either L(x) — 400 as v — a or L(x) — 400 as v — b.

Theorem 2.6. (Global) Let F(x,y) € C(D) satisfy a Lipschitz condition in D

|F(x, 1) — F(z,92)| < L(x)|y1 — 2,

where D = {(z,y) € R™™| x € J = (a,b)}. Then there is only one solution of the Cauchy problem

/

Yy = F(l’,y), y(CL’()) =Y

on the interval J, ¥(xg,y0) € D. This solution can be obtained by an iterative method.
Proof.
We use a contraction principle to the operator equation

y="Ty

where z

Tu(x) = yo + / F(t,ult))dt.

o

Here a Banach space is U = {u(x) € C(J)} with the norm
I [|= sup(e™@u(z)]) < +oo,
zeJ
where 1 o N
Mo) = | [ Lot +] [ 1FG o)t
xo o
and the constant ¢ is an arbitrary constant (0 < ¢ < 1). We will prove that T': U — U and
| Tuy — Tus ||< q || ug —ug || - (2.4)
In order to prove these properties we consider two cases: (a) z > zp and (b) z < zo.
In case (a) A(x) = %ffo L(t)dt + [, |F(t,y0)dt| > 0, thus

N(z) = iL<x> T |F (@, 0)]

and, therefore

;Lm < N(@), [F(z.m0)| < N(z).

Any function u(x) € U satisfies the inequality
eI Tu(@)] < €Oyl + ¢ [Pt u(t))ld.
zo

Since
[F(t,u)] < |F(tyo)| + [ F(t,y0) — F(t,u)l,

one obtains

)] < e (ol + [ 1Fw)lde+ [ u) ~ B plat].
xo o
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Estimating the second and the third terms one has

@ [yl < e |
zo

Z

N ()t = eI (\z) = Alwo)) = Ma)e

and
o A\@) /x |F(t,u(t)) — F(t,yo)|dt < e ) /x L) (Ju(t)| + |yo|)dt <
x0 xo
< e [T L@ O u(t)|dt + ge ol [ N(t)dt.
xo o
Note that the function f(A\) = Ae™ is bounded. Let max (Ae™) < C). Since

e [ L) O Olu(t)|dt < e @ || || [Z L(t)eMdt <
< qe @ || || 2N (e Ddt =
zo
_ qefA(:p) || u H (e/\(m) _ 6A(fL”o)) =q || U || (1 — 67/\(1)) <q || u H

and -
qe*A(x)\yol/ N(#)dt = glyole™ P A\(@) < qlyo| max (Ae™) < qlyo|C:
Zo
the value e @®|Twu(x)| is bounded for any = > .

Exercise 2.13. Prove the property
|Tuy — Tug| < (/ L(t)e)‘(t)dt) || up —ug ||< e’\(”‘”)q | ug —us ||, Yo > xo.
z0

Hint: the proof is the same as in the Picard theorem.
In the case (b) (x < zo):

M) = ;/joL(t)dtJr/:o Pt yo)dt], —N(z) = ;L(a:)+|F(x,yo)].

For any u(z) € U one obtains (by the same way as in the previous case):
xo xo
O Tu()| < O ol + [ 1P )+ [P u() ~ Pty

which means that e ®|Tu(x)| is bounded.

Exercise 2.14. Prove property (2.4).
Thus we have proven that 7: U — U and

| Tuy —Tug ||< q || uy —ug ||

Using the contraction principle one obtains the proof of the theorem. O

T

Example 2.6. For the equation y = e cosy, J = (—00,+00) a Lipschitz constant is

L(x) = e*.
Example 2.7. For the equation ' = a(z)y+0b(z), x € J a Lipschitz constant is L(z) = |a(z)].

Remark 2.5. If a Lipschitz condition is not satisfied on the whole interval J, then it is possible
that there is no solution on the whole interval J.
For example, the function F(z,y) in the problem
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has no constant L such that
|F(u1) — F(ug)| = |uy + ug| |ug — ua| < Llug — us|, Yuy,us.

And there is no solution on the intervals J = (—00, 00) or even J = (—1,1).
Exercise 2.15. Prove that for the equation
, ysin®(eY)
=

the conditions of the global theorem are mot satisfied, but there is one and only one solution on the
whole interval J = (—o0, 00). Ezplain why?
(Hint: see the exercise after the Picard theorem).

2.2.2 Existence and uniqueness theorems in the case m > 1
Here we study the Cauchy problem for a normal system of first order DE’s with m differential
equations:

y = F(z,y)

y(ro) = Yo

where y = (y1, Y2, - -, Ym) and F = (F, Fy, ..., F,).
The following properties of vectors and vector—functions are used.
1) [(u,v)| < |ul|v|, Yu,ve R™

A norm of the vector y:
lyl = | D_ui
2) lu+o| < |ul+ |v], Vu,ve R™
3) | [y a(t)dt| < [ |a(t)|dt, w:[a,b] — R™
A vector—function F(z,y) satisfies a Lipschitz condition in D ¢ R™! if

There are inequalities

|[F(z,y) — F(z,2)| < Lly — 2|, V(z,y),(x,2) € D.

Remark 2.6. If D is a conver domain and there are inequalities

ek
8yj

(z,y)| < K, Vi, j=1,m,
then
|F(z,u) — F(z,v)| < Km**u—v|, Y(x,u),(z,v) € D.
Let us prove it. If y(s) = u+ s(v — u), then from the Lagrange formula there exists s, € [0, 1] that

_ dB(x,y(s))

Fi(x,v) = Fy(z,u) = Fi(r,y(1)) = Fi(z, y(0)) D5l

By virtue of
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one obtains
|Fy(z,v) — Fy(z,u)] <Y Klv; —uj| <Y Klv—u|=mK|v—ul.
J J
Therefore

|F(x,0) — F(x,u)| = \/Z(E-(x, v) = Fy(z,u))? < \/Z m2K2|o — uf2 = m¥2K|o — u].

For the norm in the space C'(J) one can use the uniform norm
I o() Ih= maxy()].

where J = [a, b], y(x) is an arbitrary continuous function.

Theorem 2.7. (local theorem) Let the normal system of ODE’s of the Cauchy problem

y = F(z,y), y(xo) =

satisfy the properties:
(a) F(x,y) € C(D), where D is an open set in R™!
(b) for the cylinder G = {(x,y) € D| |v — x| < a,|ly — yo| < b}, there are the constants

m = max_ |F(z, and h = min(a, ),
(m,y)GG’ ( y)‘ ( m)

(c) F(x,y) satisfies a Lipschitz condition in G.
Then there exists only one solution of the Cauchy problem in the interval J = [zq — h, xo + h].

Exercise 2.16. Proof the local theorem.
Hint: Proof is the same as for the Picard theorem with m = 1: define a closed set M in a Banach
space U, that T': M — M is a contraction.

Exercise 2.17. Formulate a global theorem of existence and uniqueness of a solution for a
normal system of first order DE’s.
Hint: see the global theorem for one equation.

Exercise 2.18. Prove the theorem from the exercise above.

2.3 Existence without a Lipschitz condition

In this section we show that the existence of solutions of the Cauchy problem may be established
without the Lipschitz hypothesis on F'. In this case there is no conclusion of uniqueness.

Theorem 2.8. Suppose that F' is continuous in an open domain D. Then for any (xq,yo) € D
there exists a solution y : I — R"™ of the Cauchy problem

y, = F(l’,y), y(Io) = Yo, (25)

defined on some open interval I containing xg.
The proof of the theorem uses one of the basic results of analysis, known as Ascoli’s Theorem or
the Ascoli-Arzela Theorem, which we now recall.

Definition 2.11. Suppose that S C RP. A sequence {fn}o_, of functions, fn, : S — RY,
is equicontinuous if for any € > 0 there is a 0 > 0 such that, for any m, and Vx,y € S such that

|z —y| <0, then [fm(z) — fm(y)] <e.
In particular, an equicontinuous sequence is uniformly continuous.
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Theorem 2.9. (Ascoli-Arzela). Let K C RP be compact and let {f} be an equicontinuous
sequence of functions, f,, : K — R1. Suppose additionally that there is a constant M such that
|fm(x)] < M for all m and all x € K. Then there exists a subsequence { fm,, }32, which converges
uniformly on K to some limit function f: K — RY.

Proof. Let z;, i € N be a sequence of points that is dense in K. The sequence f,,(z1) is
bounded; hence it has a convergent subsequence. That is, we can choose a subsequence m,; such
that f,,(71) converges as j — oo. Similar, we can choose a subsequence my; of the sequence my;
such that f,,,; (72) converges. Since my; is a subsequence of myj, fin,;(71) converges as well. Next, we
choose a subsequence mg; of the sequence my; such that f,, (z3) converges also at x3. We proceed
in this maaner ad in6nitum. Finally, consider the ”diagonal” sequence f, (). Except for the first
i — 1 terms, myj; is a subsequence of my;; hence f,,, (7;) converges for every i € N. To simplify
notation, we shall set g;(x) = f,,,,(z) in the following.

To conclude the proof, we show that the sequence g,,(x) is uniformly Cauchy. Let € > 0 be given.
The g,,(z), being a subsequence of the f,,(z) are uniformly equicontinuous on K; hence there is a
d > 0 such that |g,(y) — gm(z)| < £/3 whenever |y — x| < 4. Since K is compact, there is a L € N
such that for every x € K there exists ¢ € {1,..., L} with |z; — x| < §. Now choose P large enough
so that |gm(z;) — gr(z;)| < /3 for m,k > P and every ¢ € {1,...,L}. For m,k > P and arbitrary
x € K, we now have

[9m () = gr(@)] < [gm(®) = g (T3)| + [gm(2:) — gr(@i)| + |ge (i) — g ()] <&,

for some i € {1,...,L}. O
We can now state and prove the fundamental existence result.

Theorem 2.10. (Peano) Let Vi C R x R"™ be the closed rectangle

Vi={(z,y)| [z =m0l <a, [y—yol <b},

where a,b > 0, and suppose that F' : Vi — R" is continuous. Let M be the mazimum of |F|
on Vi and let h = min{a, £}. Then there exists a function y(x) defined on the (closed) interval
J = [xg — h,xg + h| and satisfying the integral equation

v@) =+ [ Flsyls) ds. (26)

forall x € J.

Proof. We construct y(z) for v € J. = [zg,20 + h|. The construction for x < x, is similar.
The method is due to Euler and is frequently mentioned in numerical analysis as a simple scheme to
construct approximate solutions of an initial value problem.

For each m > 1 we subdivide J, into m subintervals of the form [z\"™), z™], where z\™ =
xo + hk/m for k =1,...,m, and construct an approximate solution y™(z) on J, which is linear on
each subinterval. The construction is by induction on the index k of the subinterval; we first define
y"(x9) = yo, and then, assuming that we have constructed y™ with (z,y™(x)) € V; on all intervals
[xgrf%, xgm)] for j < k, we define

Y (@) =y (") + (2 — 2V ™y M), w e [, 2.

Note that this definition is chosen so that (i) y™ is continuous at ™, and (ii) on the interval

™, :t:,(ﬁ)l], y™ has derivative F(z{™,y™(z{™)), our best guess at the correct derivative F(z,y(z)).

In particular, it follows from (i) and (ii) that

y™(x) = yo + /mj Fm(s) ds (2.7)
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for0 <z < x;’_’;{, where
Fm) = P, ym (™), te 2™, ).

Equation (2.7) implies
ly™(x) — yo| < M|z — xo] < Mh < b, (2.8)

so that (z,y™(z)) € V; for 29 < z < :C,(ﬁ)l, allowing us to continue the induction. Eventually we
construct y™ on all of J,.

Now from (2.7) it follows that the sequence {y™} is equicontinuous and uniformly bounded on
J.. In fact, for z,2’ € J,,

/

(@) =y @ =1 [ )] < Mla - o, 29)

and

ly"™ ()| < [y™(xo)| + [y™(x) — y™(@0)| < [yo| + Mh. (2.10)

By the Ascoli-Arzela theorem there is thus a subsequence {y"(x)} which converges uniformly on
J4 to some continuous function y(x). We claim that y(z) is the desired solution of (2.6). This will
follow immediately from (2.7) if we can show that ™ (z) converges uniformly on J, to F(z,y(x)).
It is so, because y(z) is a limit of uniformly convergent and continuous functions y™ (x). Since
F' is continuous and hence uniformly continuous on the compact set V;, the uniform covergence of
y™ (x) to y(x) on J, implies the uniform convergence of F(x,y™ (x)) to F(z,y(z)) on J;. Let us
check it by the (e, §)-language: verify the uniform convergence of the sequence { f™i}. For notational
simplicity we suppose that the sequence {y"(x)} itself converges to y(x). Then given ¢ > 0, uniform
continuity of F' on Vj implies that there exists a § > 0 such that |F(z,y) — F(2',y')| < € whenever
|(x — ',y — )| < . Now choose m so large that h/m < 6/3, that Mh/m < 6/3, and, using the
uniformity of convergence of {y™(x)}, that |y™(z) — y(x)| < 6/3 whenever x € J,. If x € J,, then

M << x;"j’l for some k, so that by (2.9),
(m) _ m((m)y < |ptm) _ m(.(m)y _ <
(2" =, y™ () = y(@)| < o™ — 2| + |y (27) —y(z)] <

< ™ — 2] + Jym(@l™) — g™ (@)] + |y () — y(x)| <

Y
<ﬁ+@ é<§+é+é_5
“m m 3-3 3 3 7

and hence
1 (@) = Fla,y(@)] = [F™, g™ (@) = Fle,y(@)] <e.
Therefore the function y(z) satisfies the equation

xT

y@)=yo+ [ F(s,y(s)) ds.

Zo
O

It will in fact be convenient to have at our disposal a formally stronger statement of existence,
showing that under appropriate restrictions the interval of definition of the solution may be chosen
uniformly in the initial condition, and the pair (z,y(z)) may be required to remain in a compact
subset of D.

Corollary 2.2. Let D C R x R"™ be open and let f : D — R™ be continuous. Then for any
compact subset K C D there exist open sets U,V , with compact closures, satisfying

KcUcUcvVvcvcD, (2.11)
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and an € > 0, such that for every (zo,yo) € U a solution y(x) of (2.5) is defined on the interval
I = (zg— ¢,z +¢) and satisfies (z,y(z)) €V forx € 1.
Proof. Let U,V be any open sets with compact closures satisfying (2.11). Let

n=dU,V )= inf |y—yl,

zelU,yeVe

where V¢ denotes the complement of V and d(h, B) is the distance between two sets. Because U is
compact and V¢ is closed, 7 is strictly positive. Let M = supy | f(x)].
Now if (z9,yo) € U, then the rectangle

{(zy) | |z — =20l <n/V2, ly —yol <n/V2}

is contained in V. The stated result, with e = min{n/v/2,7/v/2M}, now follows from Theorem 2.3,
the fundamental existence result proved above. O

2.4 Continuity of solution with respect to initial values and
parameters

We study the Cauchy problem
v =F(x,y, 1), y(wo) = yo. (2.12)

If the function F'(z,y, u) has ”good” properties (for example, it satisfies the conditions of the existence
theorems), then there exists only solution for each fixed zg,yo and parameter p: y = ¢(z;\), = €
(a,b), where A\ = (¢, yo, pt) is a vector of parameters.

Definition 2.12. A solution of the Cauchy problem (2.12) is called continuously dependent with
respect to parameters (initial values and some parameters) at the point
IOZ-ISa yozyéa :u::u*
if there exists an interval o, 3] C (a,b) that ¢(x, \) — ¢(x, \*) as A — X* uniformly on the interval
[, 5], (that means in the uniform norm || - ||1)). Here \* = (z§,yg, 1*).

Exercise 2.19. Formulate a definition of continuity a solution of the Cauchy problem for an
n-th order equation solved with respect to high derivatives.

We consider the functions F(z,y, ) where (z,y) € D, u € Q, D is an open set in R™ Q is a
closed bounded set in R*. Assume that F(x,y,u) € C(D x Q) and satisfies a Lipschitz condition in
P x @, i.e. there is a number L = L(P) > 0 such that

V(z, 1) € P (2,y2) € P, € Q = [F(x,y2, 1) = F(, y1, )| < Llyy — ],
where P is any closed set in D.

Remark 2.7. A sufficient condition for satisfying a Lipschitz condition property is Fy(x,y, 1) €
C(D x Q), with a convez (with respect to y) domain D.

Theorem 2.11. (continuous dependence with respect to parameters) Let the function F(z,y, )
satisfy a Lipschitz condition in P X Q:

|F(x7y17ﬂ) - F(%y%lm < L(P)|y1 - y2|7 v(x7y1)7 (ZE,y2> € Pu VILL € Q

for any closed and bounded P C D. Then a solution of the Cauchy problem

y = F(z,y,11), y(xo) =10
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is continuous with respect to A = (xo, Yo, ) at any point \* = (xf,yg5, u*) € D x Q.
Here Q is an arbitrary closed bounded set in R*, P is a closed set in D, D is an open set in R™*!.

Remark 2.8. Proof of the theorem is based on the abstract theorem for operators T\ : M — U.
In order to use this theorem we need

1) to construct a closed ball M in a Banach space U,

2) to show that T} is a contraction and

Thu(A) — Th=u(N") = u(\*) where A — A\,

Proof.
We fix the point

A= (wS,yé,u*), (953»?!8) €D, peq.
By virtue of the local theorem of existence and uniqueness there exists a solution y = ¢(x, \*) of the
Cauchy problem in the interval (a,b), z§ € (a,b) and (z, ¢(z, \*)) € D, Va € (a,b).
We choose a closed and bounded interval [a, 5] C (a,b). Let the operator Ty be defined by

(Thy) () = yo + /x: F(t,y(t), p)dt.

Let us consider the function
y1(z) = o(x, \*) + hel(z—a),

Lemma 2.2. VL >0, 3h > 0 thatVx € [a, (], Vs € [0,1] = ((1—s)o(z, \*)+syi(z),z) € D.
Proof (of the lemma).
Assume the opposite assertion, i.e.

AL >0, Vh, 3z € [, [], Is € [0,1] = ((1 — s)p(x, \*) + sy1(z),z) ¢ D.

1
Because h is arbitrary, for example, it can be h, = —, then there are x,, € [«, 5] and s,, € [0, 1] that

n
(1 = sp)0(xn, \*) + spy1(xy), x,) ¢ D. By virtue of the boundedness of {z,} there is a subsequence
Tny = s € [, B]. From continuity of the function ¢(z, A*) we have that

1
(¢($nk, )\*) + SnkfeL(x"kfa)’ xnk) — (y*, x*)
ng k—o0

where y, = ¢(z., \*). Hence, the point (y.,z.) € D. For the open set D there is 6 > 0 that if

| (y,2) — (y«, ) |J2< 0, then (y,z) € D. By constructing the sequence {z,, } there is N that
vk > N

1
I (@(@n,, A7) + Snk;keL(’”k_a),xnk) = (Y ) [[2< 6.

Therefore, Vk > N the points (¢(x,,, \*) + snkie’:(“k—a),xnk) belong to D. It contradicts to the
assumption that (¢(z,, , A*) + SnkieL(”C"ra), Tp,) ¢ D. The lemma is proved.

Exercise 2.20. Prove that VL 3h > 0 that Vx € [, 3], Vs € [0,1] =
((1 - S)¢(2§', A*) + Sy2($), IL') € Da

where yo(x) = ¢z, \*) — hel (=),
Thus, from the lemma and the exercise we get

VL >0, 3h, Ve, f], Vs€[0,1] = ((1—s)yi(x)+ syz2(x),x) € D.
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For example, for L = 1 there exists h; that the strip

Stn, = {(z,y)| = € [a,pl,y2(z) <y <wm(r)} CD.

This strip Stp, is a closed set. By virtue of the condition of the theorem 3L (Sty, ) (Lipschitz constant).
For L(Stn,), 3hy that the strip St,, C D. We will take h = min(hq, hy). Then the strip St;, C D
and the function F'(x,y, 1) satisfies a Lipschitz condition on it with the constant L = L(St,).

The set U = C([a, f]) with the norm || y H— max (e L@ |y(z)|) is a Banach space (U, ] - ||).

€lo,5)
Denote the ball
M = {y(z) € U| (z,y(x)) € Sts}

is a closed set in U. We study the operator T):

Ty =wo+ [ F(ty),mdt, yeU.
Zo

Now we check a satisfaction of the conditions of the theorem for an operator equation with a param-
eter.

First, VA the operators Ty : M — U. Check it as exercise.

Second, VA the operators T are contractions with the same number 0 < ¢ < 1:

| Toyr — Ty 1< qllyi —y2 I, Yy, 0 € M

Check it as exercise (hint: proof is the same as the Picard theorem).
Third, Thy* — Th-y” =y Really,

Ty = Thy™ =yo — Yo + Jop 6y (8), m)dt — [33 F(t, y*(t), p*)dt
= (Yo — o) + o F(t,y" (1), p)dt — (fz, F(t,y" (1), w)dt + [ F (¢, y* (1), p*)dt)
(Yo — y8) + J2 (F(t,y*(t), 1) — F(t,y*(t), 1*))dt + [20 F(t,y*(t), p)dt
[1—|—[2+13

where

¥

(F(ty" (0. 0) = Py 0.0t Ty = [ Pty (0, 5°)a.

0

T

hzyo—yé; ]22/

0

It is simple to prove that I, Ny 0 and I3 fy 0. The last follows from the property that the

function F' € C(D x Q) and (t,y*(t)) € Stp, where St;, is a closed, bounded set in D. Then there is
the maximum

R= Pt
max | Fty, 1)l

By using it we have
ol = | [ P @)l < Rleo = ] — 0.

Now we prove that || v 0. In order to do it we show that
Ve > 07 30 > O, Vu, ’[L—,LL*| < 57 V(t,y) € Sth = ’F(tay>ﬂ) - F<t7yau*)| <é&.
Assume the opposite assertion

Jeo, VO, 3, |p—p] <0, 3It,y) €Sty = |F(t,y,pn) — F(t,y, )| > €o.
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For example, 0 can be taken as 6 = %, then we have the sequence of points

{(tns Yns i)} € Sty x Q

in the closed and bounded set St;, x (). There is the point (t., ys, 1) € Sty x Q that (t,,, Yn,, tin,) —

k—o0
(t*a Y /‘L*)
Let us consider

< |F(tnk7ynknunk) - F(t*’y*7ﬂ*)| + |F<t*7y*’/~b*) - F(tnmynmﬂ*”‘

Because F(z,y, 1) € C(D x Q) and (tn,, Yny,, ) — (e, Ysy fts), then Ve > 0, IN, Vk > N

|F(tnk7ynka/ink) - F(t*7y*7:u*)| < 57 |F(t*7y*,/,b*) - F(tnmynk?l’b*” <E.

For example, ¢ = g/2. It means that we get the contradiction: at the same time

|F(tnk7ynk7:unk> - F(tnk,ynk,,u*ﬂ < &o

and
[ E (b Ynies i) = F (s Y )| = 0,
Remark. The property |I5] v 0 can be easier proven noticing that any continuous function

on a closed and bounded set is equicontinuous.
Now we show that I3 v 0, i.e.

Ve>0, 36>0, |p—pl<d =

= |l = | [ (F(ty (), 0) = F(ty (1), w)dt] < =
o
Really, Ve > 0, 30 >0, Yy, |p— p] <9, Y(t,y) € Sty that

3

60—«

‘F(tvya/O - F<tay7:u*)’ <
Substitution it into I5 gives

1< | [Py 0.0 = Pty (0,0t

< [l = el <
= r—XT .
= 3-ally, 3—a ol =

(Il
Another an important question is about existence of partial derivatives of the solution y = ¢(z, \)
with respect to parameters. We will consider it later.

2.5 Behavior of the solution at the ends of maximal interval
Let us consider a system of ODE’s
y = F(xz,y).

Assume that we have two solutions y = ¢1(z), « € (a1,b1) and y = ¢o(z), x € (ag,bs), defined in an
open domain D C R™*!,



2.5. BEHAVIOR OF THE SOLUTION AT THE ENDS OF MAXIMAL INTERVAL 37

Definition 2.13. If the interval (as,bs) C (a1,b1) and
¢1($) = ¢2(x)’ S (a2’b2)7

then the solution y = ¢1(x) is called an extension of the solution y = ¢o(x), (in particular, if
(az,bs) = (a1,b1)).

Definition 2.14. A solution y = ¢(z), = € (a,b) is called a nonextendable if there is no its
extension excepting itself. A monextendable solution is also called a maximal solution.

Theorem 2.12. (ezistence of the mazximal solution). Let F(x,y) € C(D) and satisfy a Lipschitz
condition in D, then
(a) there exists a maximal solution of the Cauchy problem

y, = F(.’L’,y), y(IO) = Yo, v(x07y0) € Da

the maximal solution is unique;

(b) if a maximal solution of the equations y' = F(x,y) coincides with some solution of these
equations at one point, then the maximal solution is an extension of this solution;

(c) if any two maximal solutions coincide at one point, then they have the same intervals, where
they are defined and they coincide at every point of this interval.

Proof.

Recall that because of the Lipschitz condition one has uniqueness of solution on the interval where
it is defined.

First, we construct a nonextendable solution. Let (z, o) be any point in D. The Cauchy problem

y = F(x,y)
{ y(0) = o (2.13)

has a solution y = ¢(x), x € J = (s,5,). Any solution y = ¢(z) is defined on its own interval J.
We will denote by I'; a set of the left ends of these intervals and I', is a set of the right ends of the
intervals. Let

my = inf(T), m, =sup(T,).

We construct the function ¢(x) on the interval (my,m,) by the following way. If z, is an arbitrary
point of the interval (m;, m,.), then there exists a solution of the Cauchy problem ¢(z), = € J with
J C (my,m,) and z, € J. We take ¢(z,) = ¢(x.). The value of the function ¢(z,) does not
depend on the solution. Really, let ¢1(z), x € J; be another solution of the Cauchy problem (2.13),
with the interval which contains the point x, € J;. By virtue of uniqueness of the solution of the
Cauchy problem, we have ¢(z,) = ¢1(z,). Therefore, the function ¢(z) is uniquely defined for any
point & € (my,m,). The function é(x) is a solution of the Cauchy problem (2.13), because in the
neighborhood of any point z, € (m;,m,) it coincides with some solution of the Cauchy problem
(2.13).

Let us prove that ¢(z), = € (my,m,) is a nonextendable solution of the Cauchy problem (2.13).
Assume that ¢1(x), = € (s, 5,) is an extension of the solution ¢(z), = € (my, m,). Since ¢ (x), © €
(s1,8-) is a solution of the Cauchy problem (2.13), then s; > m; and m, > s,. By virtue of the
uniqueness theorem ¢y () = ¢(z), = € (s, 5,). This means that ¢(z) is an extension of ¢y (z).

Assume that there are two nonextandable solutions ¢4 (x), = € (sl(l), sM) and ¢y(x), = € (51(2), s2))
of the Cauchy problem (2.13). By virtue of uniqueness ¢;(z) = ¢o(z), = € (sl(l), sty n (51(2), s, If

Sl(l) (2

> 5 ) , then the function
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is an extension of the function ¢;(x), x € (sl(l),sqﬂl)). This contradicts to the assumption that
o1(x), = € (sgl), sV} is a nonextendable solution of the Cauchy problem (2.13). Thus, there exists
only one nonextendable solution of the Cauchy problem (2.13).

Assume that ¢(z), « € (my,m,) is a maximal (nonextendable) solution of the equations y' =
F(z,y), which coincides with some solution of these equations ¢;(z), = € (s, s,) at a point zg:

¢(x0) = d1(x0).

The point xy can be chosen as the initial point for the Cauchy problem (2.13) with the value y(zq) =
¢o. Thus, the maximal solution ¢(z), = € (m;, m,) and the solution ¢,(z), x € (s, s,) are solutions
of the same Cauchy problem. As it has proven, then s; > m; and m,. > s,, ¢(x) = ¢1(x), x € (s1, $,).
Therefore the solution ¢(x), = € (my, m,) is an extension of the solution ¢;(z), x € (s, s,).

Now we prove that if ¢1(z), = € J; is a nonextendable solution of the equation y' = F(x,y)
and ¢9(x), x € Jy is another nonextendable solution, and at some point zy € J; N Jy they coincide
1(xo) = ¢Pa(xp), then J; = Jy and ¢y (z) = ¢o(z), Vo € J = J; = Jy. Really, let xy € J; N Jy be any
point where

¢1(z0) = ¢2(x0).
If one takes x( as the initial point for the Cauchy problem, then from the previous it follows that
¢1(x) is an extension of ¢o(x) and ¢o(z) is an extension of ¢;(x). This means that J; = J; and

¢1($> = ¢2($), Vr € Jl = JQ.
O
The statements of the previous theorem are valid if the Lipschitz condition in an open set D
is exchanged with the property that for any closed and bounded set P C D the function F(x,y)
satisfies a Lipschitz condition in P.

Exercise 2.21. Prove uniqueness of the Cauchy problem in the case where a function F(x,y),
which for any closed bounded set P C D the function F(x,y) satisfies a Lipschitz condition in P.

Theorem 2.13. (behavior of a mazimal solution at the ends). Let F(x,y) € C(D) with an
open set D. Assume that for any closed bounded set P C D the function F(x,y) satisfies a Lipschitz
condition in P with a Lipschitz constant L(P). Then for any closed bounded set E C D and any
mazximal solution ¢(z), x € (my, m,) there exist s; and s, such that s; > my, m, > s, and for all
x € (my,s;) and x € (s,.,m,) the point (z,¢(x)) ¢ E.

Proof.

The proof is given for existence of s,.

In the case m, = 0o, the existence of s, is trivial. Since the set F is bounded there is z, = max

(z,y)er
“(x). For any x > z, one has (z,¢(x)) ¢ E.
Let m, be finite (m, < c0). One has to prove that

s, <m,, Yz, s, <zx<m, = (z,0(x))¢E.
Assume the opposite:
Vs, <m,, 3z, s, <z <m,= (r,6(x)) € E.
Taking s, = m, — % one can construct the sequence of points {x,} such that m, — % < x, < m, and
(Tn, ¢(x,)) € E. The sequence {x,} is convergent {x, } — m;. Because E is a closed and bounded

set there is a subsequence! {(x,,, ¢(xn,))} — (m,, ¢.)) € E. Using the Picard theorem one gets
that for the Cauchy problem

y, = F(ilj',y)
{ oy (2.14)

!Notice that a maximal solution is defined in open interval (m;, m,.).
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there exists only one solution y = ¢.(z), which is defined in the interval [m, — h,m, + h|, where
h > 0 is some number. Let us consider the solutions of the Cauchy problems

Y = F(.r, y)
{ Y(@n,) = ¢(2n,) (2.15)

Because (z,,,¢(x,,)) — (M, ¢.), then by virtue of the continuity theorem there exists IV, such
that Vk > N the solutions y = ¢g(x) of the Cauchy problems (2.15) are defined in the interval
[m, — h,m, + h]. By virtue of uniqueness ¢x(z) = ¢(z), = < m,. Therefore, Vo < m,

lim ¢ (x) = B(r) = 6.().

k—o0

This means that the function

| (2), if x € (my,m,)
y= ¢«(z), if x € [m,,m,+h)

is a solution and it is an extension of the solution ¢(z), x € (my, m,). This contradicts the property
(to be nonextendable) of a maximal solution. O

Corollary 2.3. (for autonomous systems). Let F(y) € C(D,), where D, is an open set in R™.
Assume that for any closed bounded set P, C D, the function F(y) satisfies a Lipschitz condition
in P, with a Lipschitz constant L(P,). Then for any closed bounded set E, C D, and any mazimal
solution ¢(z),x € (my, m,) with m; # —oo (or m, # oo) there exists s; > my (or m, > s, ) such that
for all x € (my,s;) (or x € (s,,m,)) the point ¢(z) ¢ E,,.

Proof.

The proof is given for the case m; # —oo.

Let us define

D ={(z,y)| € R', ye D,}.

If P C D is aclosed and bounded set in D, then the set P, = {y | (z,y) € P} is closed and bounded
in D,. For any m € (my, m,) the set E,, = {(z,y)| x € [my,m], y € E,} C D. From the previous
theorem there exists s;(m) > my, s;(m) € (m;, m,) such that (z,¢(z)) ¢ En, Vo € (my,s,(m)). Let
s;(m) = min(m, s;(m)). Because (my, s;(m)) C [my, m], the statement (z,¢(x)) ¢ E,, is only able
for ¢(z) ¢ E,. Notice that if m; > mo, then sf(my) > sf(ma2).

Let s; = sup,,(s;(m)). Since the function s;(m) is nondecreasing, one obtains that m; < s; < m,..
For any x € (my, s;) there exists m such that x < sf(m). With this m it is proven that ¢(z) ¢ E,. O

Corollary 2.4. Let F(x,y) € C(R™"), and for any closed bounded set P C R™" the function
F(z,y) satisfies a Lipschitz condition in P with a Lipschitz constant L(P). If ¢(x),x € (my, m,.) is
a mazimal solution with m; # —oo (or m, # o0), then for t — m;+0 (or x — m, —0)

|¢(x)] — o0

Exercise 2.22. Prove the corollary.

Lemma 2.3. Letv(x),x € (a,b) with v(a) = 0 satisfies the inequality

V(z) S atqu(z), v #0

then
v (z) < ae’@,
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Proof.
Integrating the inequality

(v(@)e) = (0/(w) = yo(@)e ) < e,

one has
v(z)e " < _9<677(x7a) _1)
Y
or
v(r) < —9(1 — e TEma)),
Y
Thus,
Vi) <a+qu(r) <a—a(l— e—W(m—a)) — qeV@—a)

O

Corollary 2.5. (global theorem). Let F(x,y) € C(D), where D is an open strip
D ={(z,y) € R™* | =€ (my,m,), y € R™}.

Assume that for any closed bounded set P C D the function F(x,y) satisfies a Lipschitz condition
in P with a Lipschitz constant L(P). If F(x,y) satisfies the inequality

|[F(z,y)] < M(z) + N(2)|yl, V(z,y) € D,

where M(x) and N(x) are continuous, non negative functions in (my,m,). Then the unique nonex-
tendable solution of the Cauchy problem

y = Flr,y)
2.16
s o € 1 219
exists on the entire interval (m;, m,.).
Proof.
Let y(x), = € (a,) be the maximal solution of the Cauchy problem (2.16). Note that it is

unique and nonextendable. Suppose that § < m,. Then there are constants M; and N; such that
M(z) < M; and N(z) < Ny Vo € [xg, 3]. Therefore,

xT

ly(z)| < |yo| + My(8 — o) +N1/Z ly(s)| ds, Yz € [z, B).

0

Thus, choosing v(z) = [; |y(s)|ds, and using the lemma, one has

[y()] < (lyol + My (5 — o)) =) Y € [, B).

This means that y(z), Vx € [x¢, 3) remains in a closed bounded set, which contradicts to the previous
theorem. Hence, # = m,. Similarly, one proves that a = m;. O
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2.6 Dynamical systems

Here we study systems of the type
T = F(x). (2.17)

In this section it is assumed that F(z) € C'(R™).
Definition 2.15. An autonomous system (2.17) is called a dynamical system.

Definition 2.16. A point € R™ where F(x) = 0 is called a critical point of a dynamical
system.
Let o = ®(t), t € (a,b) be a maximal solution of a dynamical system (2.17). The curve in R™:

l={z| 2=®(t), t € (a,b)} (2.18)

is called a trajectory of system (2.17) in the phase space R™.

Theorem 2.14. Let p(x) € C*(R™) and p(x) # 0 for all x € R™. Then the sets of trajectories
of system (2.17) and the system
&= p(zx)F(x) (2.19)

coincide.

Proof.

For the sake of simplicity we assume that p > 0. Let the curve [ be a trajectory of system (2.17).
Then, by virtue of the definition, there is a solution x = ®(t) of system (2.17) that the points of
the trajectory are presented by (2.18). In order to prove the theorem we need to find a solution
x=1(N), A€ (d,V) of system (2.19) that the sets [ and

I'={z|x=v\), e (d,V)}
coincide. Assuming that ¢(\) = ®(¢(\)) we obtain:

%@:Mwmﬂww

_dB(H() di())
N dt dA

= F@((n) 5.

Therefore, for the proof it is enough to find a function ¢(\) such that

MY @),

First of all, we find the interval (a/,b") on which the function ¢(\) is defined. Because p > 0, then
the function

t 1
O = |y

is a monotonously increasing and continuously differentiable function. The inverse function ¢ = t(\)
is a continuously differentiable function on the interval (@', V'), where

a = lim A(t), b = lim \(¢).

t—a+0 t—b—0
By the construction of the function
Y(A) = @(t(A), A€ (d,b)

is a solution of the equation (2.19). Therefore for any point = of the trajectory [ there exists t € (a, b)
that = ®(t) and there is A € (¢, V') that z = ®(t(N\)) = ¢(A). O
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For studying dynamical systems it is convenient to have the interval (a,b) as the infinite interval

(—o0,00). If F(x) € C(R™), then p(z) = 1+1F?(x) € C(R™) and p(z)F(z) is bounded:

Ip(@)F(@)] < 1.
The solution of the Cauchy problem

&= p(x)F(x), z(ty) = zo

is defined for any g € R™ on the infinite interval (—oo,00)?. Therefore, further we assume for
trajectories that they are defined on the infinite interval (—oo, 00). If it is not so, then we regard the
system
& = p(z)F(z)
1

1/1—|—F2(x).

Theorem 2.15. Two trajectories Iy and ly of a dynamical system & = F(x) are either not
crossed or completely coincide.
Proof.

Assume that two trajectories

with p(z) =

i = {x| z=o(t), t € R},
I, = {ZL’| J?Zq)g(t),tER}

have the common point: ®;(t;) = ®2(t2). Thus two functions

Pi(t) = P1(1), tER,
gbg(t) = @2(t+0), tGR,

satisfy the same Cauchy problem:
&= F(x), z(t1) = ¢1(tr) = ®1(t1) = Pats +¢) = da(ha),
where ¢ =ty — t;. By virtue of uniqueness of a solution of the Cauchy problem
o1(t) = ¢a(t), Vt € R.

This means that the trajectories [y and [l coincide. O
Define three classes of the trajectories:

(I) trajectories without selfcrossing: ®(t1) # P (ts), Vi, # to,
(II) periodic trajectories: 37" > 0 that (¢t +7T') = ®(¢) and

(I)(tl) 7£ @(tg), \V/tl,tg, O0<t; <ta < T,

(III) stationary trajectories: @(t) =¢, Vt € R.

21t follows from the exercise about global solution.
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Theorem 2.16. All trajectories are seperated in the three classes: each trajectory belongs to
either class (1), or class (II) or class (I1I).

Proof.

Assume that a trajectory @ = ®(t) does not belong to class (I). One can show that in this case it
belongs to either class (II) or class (III). In fact, because ®(t) ¢ (I) there exist t1, 2 such that ¢; < to
and

D(t1) = P(ta).
Let 7 =ty — t3. Thus, ®(¢) and ®(t + 7) coincide at the point ¢t = ;. By virtue of of the theorem of
uniqueness of a solution of the Cauchy problem one obtains ®(t) = ®(t+ 1), Vt € R. Let K be the
set of the numbers 7. Apparently, 0 € K, (to — t;) € K, and also the set K has the properties:

(i) if 7 € K, then (—7) € K,

(i) if m € K and » € K, then (1, + 72) € K.

(iii) the set K is closed.

Let us prove, for example, the third property. Assume that the sequence {7,} € K convrges to
some 7. Because

O(t) = d(t+1,), VEER

and the function ®(¢) is a continuous function, then
O(t) =P(t+71), VteR.

It means that 7 € K or the set K is closed.
The set
Ki={reK|7>0}

is not empty, because, for example, (to —t;) € K. There is

If T >0, then ®(t) € (II), and if T'= 0, then ®(¢) € (III).
Really, assume that 7" > 0. Because K is closed, then T' € K. It means, that

O(t+T)=®(t), Vte€R.
By virtue of the property of the infimum

O(t1) # D(t2)

for any t; and ¢y that
O<ti<tya<T.

Therefore, ®(t) € (II).
Assuming that 7" = 0 one can prove that K = (—o0o0,00). Let 7 > 0 be an arbitrary number.
Because T' = 0, then there exists the sequence 7,, € K, such that lim 7, = 0. The numbers

n—oo

Zn = n " |

e
belong to K. Here we use the notation | k | for an integer part of the number k£ and { k£ } for a
fractional part of the number k. For example,

— =)+ ()

Tn Tn
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Therefore - - -
T = Tn[i] + Tn{?} = Zn+ Tn{?}

n

Note that lim (tn{-}) = 0. Since K is closed one obtains

T :Jirglo Z, € K.
This means that
O(t+7)=d(t), Vt, T € (—00,00).

It is possible only for the solution
®(t) =c, Vt € R,

where ¢ is a constant. O

2.7 The perturbation equation

Lemma 2.4. (Hadamard). Let g(\,z) € C(D) and gg()\,z) e C(D), (j =1,2,....,q), where D
<j

is a conver domain with respect to z = (21, 22,...,24). Then there are functions hj()\,z(l),z@)) €

C(D1) (j=1,2,...,q) such that hj(\, z,2) = g—zgj()\, z) and

q
g% 2®) —g(A W) = 30 h (0 20 2B~ 4Y),
=1
where Dy = {(\, 2V, 23)) € R2+1 () 2)) € D, (\,2?) € D}.
Proof.
For w(s) = 2z + s(2® — 2M) s € [0,1] one has

1
90 =) = g0, =) = g\ w(1)) — g\ w(0) = [ g(\w(s))ds,
0
where 5 5 p 5
el A Wiy =N~ 99 @ _
o0 wls) = 3 FL 0w G20 = 32 5L 0wl 67— )
Therefore,
19 190 0
(A oy [ Y9 . - [ Y =99
hi(A, 24, 24 ; azj(k,w(s))ds, h;i(X, 2, 2) ; 8Zj()\,z)d5 axj()\,z).

0
Because the functions —2- are continuous in D, then h;(\, 2V, 2®) € C(Dy). O

ﬁzj
We study ordinary differential equations with continuous functions F(x,y, u) € C(D x @), where
(z,y) belongs to an open set D C R™ 1 belongs to an open set @ in R¥. Assume that for any
closed set P C D the function F'(z,y, p) satisfies a Lipschitz condition in the set P x @, 1i.e.

AL = L(P) > 0, Y(x,y1) € P, (z,y2) € Pand p €@ =

2.20
|F(z, 92, ) — Fx,y1, )| < Llyr — ol. (2.20)

Theorem 2.17. (differentiability with respect to parameters). Let a function F(x,y, 1) satisfies a
Lipschitz condition (2.20) in P x Q for any closed and bounded set P C D and has continuous partial
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F F
derivatives 3 € C(D x Q), ?) eC(DxQ), (j=1,2,...,k 1=1,2,...m). Then V(xq,y0) €
Hj Yl
D there exists unique solution ¢(x, u) of the Cauchy problem
y'=F(z,y,1), y(xo) = 1o. (2.21)

This solution has the following properties:
a) ¢(x, 1) is defined in some open set T' of the space of the variables (x, p);

9% (o) € C(T), (j = 1,2, .. k), which

b) ¢(x, 1) has continuous derivatives with respect to fu;: 5
Hj

are differentiable with respect to x and
o (2, 1) = P’
0x0p; = Ou;Ox

(z,p0) € C(T), (j=1,2,.... k).

Proof.
Let pu* € @ be given and ¢(z, u*), © € (x1,22) be a maximal solution of the Cauchy problem
(2.21) with g = p*. For any closed interval [ry, 73] C (21, x2) there exists a number a such that

~

A=Az ly— oz, p) < a, x €lri,r]} C D.

Exercise 2.23. Prove the existence of a.

Because () is open, then 3b > 0 such that if |g — p*| < b, then g € Q. From the continuity
theorem (with respect to parameters) there is 6 > 0 ( 20 < b ) that for any p which satisfies the
inequality that |pu — p*| < 26 there exists the solution ¢(z, u) of the Cauchy problem (2.21) defined
in the interval [ry,r9] and satisfies the inequality

O(x, ) =z, 17)| < a.

Let us define the open set

A= {(xayvﬂ)| NS (7“1,7‘2), |y - ¢(I’H*)| <a, |N - p“*| < 26}
By the construction A C (D x @) and it is a convex set with respect to (y, i).
Let ) € Q satisfy the inequality |u") — pu*| < 6. If |7] < § and
,U(2) = (:Ulhu%'-wﬂlflnul +7—7,ul+17"'7:uk) = :u(l) +7—(0707-"7170>"'7O)7

then |p'™ — p™| < 20. erefore Vo € |ry,re] and Vy; such that |pp — p"| < 0 one has
hen |p® — p*| < 26. Therefore V dv h th *| <6 one h

6(z, uV) — @(z, 1) < a, |p(x, u?) — (z, 1) < a.

This means that (z, ¢(z, uV), uV) € A, Va € [r1,m5], (i =1,2). Applying the Hadamard lemma
one obtains
Fy(x, ¢(z, 1), n®) = F(, o (w, ), V) =

m k
= 3" W, 1D, 1) (e, 1) — Gl V) + 37 h g (, p D, @) (1) — ).
a=1 ps=1

Here hl, = bl (z, p™M, u®), (a =1,m + k) are continuous functions. By the constructon u® these
functions are continuous functions of (z, "), 7). Let us consider the differences

_ qu(f,(], MQ)) B ij(.f(], M(l))
T

’l/}j(xnu(l)77—> ) T#O
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Because y = ¢(z, uM) and y = ¢(x, u?) are solutions

(D)
W — L(Fy (@ b 1), 1) — By, 6o,y D), 5 )

= ihi(xu oz, M, 1) + by, n M 7).

These relations are valid for any (z, u™", 7) such that
VIS (7417702)7 ‘Ml—,u*| <5, ’7-‘ <(5, T%O

Thus, the functions v;(z, u(l), 7), (7 # 0) satisfy the linear system of ordinary differential equations

Z Wl (, 1, )y + W (2, ), ) (2.22)

with the initial data
d)j (l’g, M(Q)) B QSj(l’(), :u(l))

T

yj (o) = vj(wo, p, 7) = =0. (2.23)

The Cauchy problem (2.22), (2.23) has unique solution y;(x) = x,(z, (), 7) and this solution is
continuous in the set:
€ (), |- <6 |7l <6

By virtue of the uniqueness one obtains
V;(x, pM, 1) = x;(x, uM, 1), T #0.
Thus, there exists the limit:
lim (2, ™V, 7) = lim x; (2, iV, 7) = x5 (2, 1Y, 0).

By the definition of this limit it is a partial derivative with respect to p;:

09,

a,U/l (x 'u( ) = liir(l)wj(xhu(l)’T) - Xj(xvu(l)70)'

By virtue of the continuity the functions x;(z, u"),0) are continuous functions in the set
T={(z,n) | € (r,ra), |p!V —p'| <3} (2.24)
Therefore the partial derlvatlves (x p)) are continuous in this set.

Because gqb(x,,u( )) = Xj(x,u(l),O) and x;(z, uM, 0) satisfy the Cauchy problem (2.22), (2.23),
H

there is the derivative

d

d 00,
%0, 1)) = (o, n,0)

e
which is a continuous function in the set (2.24). There is proven that -- (gﬁ] (x, pf”)) are continuous
functions in the simple connected set (2 24).

d¢;

5 (d )(z, uM) satisfy the same property. In fact,
Wy ax

Now we prove that the functions

do;

—Ha p ) = Fy(w, ol pV), pV).
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Because the functions Fj(z,y, 1) (right side of this equality) is a continuously differentiable function
with respect to y and gy, then the functions Fj(z,¢(x, uM), uM)) are continuously differentiable
functions with respect to g (chain rule). This means that the functions

(5 52)) )

are continuous functions in the set (2.24). Because (z,u(!) is an arbitrary point of the set (2.24)
and

d 0¢; 0 do;

de 0w’ Ow dx’’
then the theorem is proven. O

Remark 2.9. Here we used the following theorem. If a function f(x,y) has continuous partial
o2 o®?

Oxdy (z,y) and OyOx

derivatives (x,y) in a simple connected set D, then

o f oA f

Remark 2.10. The Cauchy problem

dy
- _F

{ dr (xa?/;,u)
y(%) =%Yo

where

A

2 =Y Yo, t:x_x(b F(taz7ﬂ):F<x0+t7y0+Zulu’)'

Thus, the initial value (xo,y0) can also be considered as parameters.
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Chapter 3

Linear systems

3.1 Systems of linear equations
We consider a normal system of n first-order DE’s. In the matrix form it can be written as
2/ (t) = A(t)z(t) + b(t),

where b(t) and z(t) are column vectors of the length n.

Theorem 3.1. If A(t) € C(J) and b(t) € C(J), then there exists only one solution of the
Cauchy problem:

(3.1)

= Az + b,
l’(to) = T, to e J

defined on the whole interval J.

Proof.

For proving the theorem one needs to check conditions of the global theorem. Here F(t,z) =
A(t)z 4+ b(t). Thus, F(t,z) € C(D), where D = {(t,z)| t € J}.For checking the Lipschitz condition
in D one has to study

F(t,x) — F(t,x9) = A(t)(z1 — x9).

Therefore F(t,x) satisfies a Lipschitz condition in D with the Lipschitz constant L(t) =|| A(t) ||2.
(]

3.1.1 Fundamental system of solutions

First of all we consider homogeneous systems (b = 0) and establish simple properties of a system of

equations
&= A(t)x. (3.2)

Lemma 3.1. Ifx = p(t), t € J is a solution of a linear system of ODE’s (3.2), which vanishes
at some point to € J: @(tyg) = 0, then this solution is equal to zero identically in the interval J:

p(t)=0, Vte

Proof follows from the theorem of uniqueness of a solution of the Cauchy problem
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Lemma 3.2. If pi(t),va(t),...,x(t), t € J are solutions of a linear system of ODE’s (3.2),
then the function

vﬁt)ZZZ;cawaaj, teJ

is a solution of this system. Here c,, (o =1,2,...,k) , are arbitrary constants.
Exercise 3.1. Prove the lemma.

Definition 3.1. A system of vector-functions v1(t), pa(t),...,¢r(t), t € J is called a linearly
dependent system of functions if there are constants c,, o = 1,2,...,k at least one of them is not
equal to zero, such that the linear combination

k
D capalt) =0, Vi€ J.
a=1

Otherwise this system of functions is called linearly independent.
From the previous lemmas one can conclude that if at least at one point ¢ = t; the vectors

e1(to), w2(to); -+, ¢rlto)

are linearly dependent, then the system of solutions

Qpl(t)? @2(25)7 R ka(t)

is linearly dependent.

Exercise 3.2. Prove the last property.

Hint: There are constants ¢, such that 3,2 # 0 and Y, caalto) = 0. Study the function
p(t) = X capalt):

Definition 3.2. A linearly independent system of solutions ¢1(t), p2(t), ..., om(t), t € J is
called a fundamental system of solutions (here m is an order of the system).

Theorem 3.2. For any linear system of ODE’s (3.2), with A(t) € C(J) there exists a funda-
mental system of solutions

P1(t), pa(t), -y om(t), t€J.
Any solution ¢(t), t € J of this system can be presented as the sum:

p(t) = D capalt), VEe
a=1

with some constants c,, v =1,2,... ., m.
Proof.
First of all it is being proven that there exists a fundamental system of solutions of (3.2). Assume
that
a;, as, ..., A, (3.3)

is an arbitrary system of linearly independent constant vectors. One constructs a system of solutions
©;(t) by solving the Cauchy problems
{ T = A(t)x,
Jf(to) = a;.

Because a system of vectors (3.3) is linearly independent, then the solutions ¢;, (7 = 1,2,...,m)
are independent.
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Exercise 3.3. Prove this.

By the definition these solutions compose a fundamental system.

For the second part let us consider any solution ¢(t) of system (3.2). Because the system of
vectors (3.3) is linearly independent, then there are constants ¢,, (o =1,...,m) such that

o(ty) = Z Coq.
a=1

The solutions ¢(t) and Y1 | c,pa(t) satisfy the same initial value problem and therefore they coin-
cide:

olt) = i Capalt).

O

3.1.2 The Wronskian

Definition 3.3. Let ¢1(t), @a2(t), ..., @m(t), t € J be a system of vector-functions. We compose
m X m matriz
The determinant of this matriz is called the Wronskian:

W(t) = det(p1(t), walt), ..., ©m(t)), te

Here ¢;(t) is a vector-column

0;(t) = (01;(t), 02;(t), - s omy (1))

If the Wronskian is composed by linearly independent solutions of (3.2), then W(t) # 0 for
any t € J. If the Wronskian W (t) is composed by a linearly dependent system of vectors, then
Wi(t)=0, vVt e J.

Definition 3.4. If the Wronskian is composed by a fundamental system of solutions, then the
matrix

(I)(t) = (gol(t)’ 902(75)7 cee Spm(t))a teJ

is called a fundamental matriz of system (3.2).

Theorem 3.3. Let a matriz

(I)(t) = (901<t)7902<t)7 .- '790m(t))7 teJ

be an arbitrary m x m matriz with p;(t) € CY(J), (j =1,2,...,m), t € J, the determinant of which
s not equal to zero for any t € J. Then this matrix is a fundamental matriz only system

i =At)r, A(t) € O(J).

Proof.
Since the matrix ¢ = (¢;;(t)) composed of vector-columns which are solutions of (3.2), then
@z‘j (t) = Ams%j (t)
Thus, .
AD = O.
By virtue of det ® # 0 there is only one matrix A = ®®~'. Because ®(¢) € C'(J) the matrix
Aty e C(J). O



52 CHAPTER 3. LINEAR SYSTEMS

3.1.3 The Liouville formula

Theorem 3.4. (Ostrogradskii-Liouville). Let W (t), t € J be the Wronskian of a fundamental
system of solutions of a linear system of ODE’s

= A(t)z, A(t)e C(J),
then .
W(t) = W(to)effo S(T)dT, tedJ,
where S(t) is a trace of the matriz A(t):

Proof.
Let U = (u;5) be an m x m matrix. The determinant det U of the matrix U can be decomposed

5”* detU = quﬁj,

where V3, is an algebraic cofactor to the element u;g. Because the cofactor V,,; does not depend on
ujg, then
O(det U
odetl) _y,
8uj5
If ug; = pp;(t), where @z;(t) are elements of the matrix ®(¢), then

J(det @) . . nom o n
L@ja = Z Spjavaj - Z(Z QPjaVa]) = Z det(q)j)'
o' 7=1

i j=1 a=1

d
%(det ) =>"

&y Ota

Here the matrices ®;(¢) are composed from the matrix ®(¢), changing j-th row in matrix ®(¢) by its
derivative.

Remark 3.1. It is obvious that the same formula is valid for the matrizes i)a(t), which are
obtained from the matriz ®(t), changing a—th column by its derivative.

Assume that x*(t) = (@i1(t), pia(t), - - ., Pim(t)), then
X'(t) = (¢a(t), @a(t), - -, Gim (1) = (AiaPar(t), AiaPa(t), - -, Aiatam (t)) =
= Aia(Par(t), Pa2(t), -+ Pam(t)) = Aiax®(1).

Thus after substituting x* in the matrix ®;, one has
det &; = A;; det(P) = A;W.

Therefore for the Wronskian one obtains the linear equation

W:i@mﬁqz&mv;wmi

j=1 j

A solution of this equation is
t
W@:W%NWQSmwy

to
O

Remark 3.2. If ®(t) is a fundamental matriz, then the Wronskian is either strictly positive or
strictly negative.
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3.1.4 Method of variation of parameters
Any solution of a nonhomogeneous linear system
x(t) = A(t)x(t) + b(t) (3.5)
can be presented as
T = Tp + T,

where z, is a particular solution of (3.5) and x;, is a solution of a homogeneous linear system of
equations.

If a fundamental matrix is known, then a particular solution can be found with the help of
quadrature. In fact, let

Spl(t)a s 790m(t)

be a fundamental system of solutions of a homogeneous system of equations
T = A(t)x (3.6)

We are looking for a solution of (3.5) of the form

p(t) =3 calt) - palt)
a=1
Because ¢, (t) are solutions of (3.5), then
Sb = Z Cagba + Z éaSOa = Z Ca(AQOa) + Z C.agoa-
a=1 a=1 a=1 a=1

After substituting ¢ into (3.5) one gets
©—(Ap+0b) = Zéa%—b:o.
a=1
It is a system of ODE’s for the functions c,, which can be rewritten in a matrix form
Oc =D,

where ® is a fundamental matrix, ¢(t) is the column

c(t) = (c1(t), ca(t), ..., cm(t))™.
Because det(®) # 0, then ¢ = &b or
olt) = [ @ mpirydr =+ [ @ by
Thus a solution ¢(t) is
p(t) = () (" + A o~ (7)b(7)dr).

In particular, if the matrix ®(t) satisfies the condition ®(¢y) = E,,, where E,, is an identical m x m
matrix (in this case a fundamental matrix ® is called a matrizant), then a solution of the Cauchy

problem
{ w(t) = AQ)z(t) + b(t),
I(to) = 29
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v = ®(#)(z0+ [ B (r)b(r)dr).

to

Remark 3.3. A fundamental matriz satisfies the matrixz equation
D(t) = A(t)D(1).
Therefore, a fundamental matrix is a solution of the equation

X =A@)X.

Remark 3.4. For two fundamental matrices ®(t) and ®(t) there is a constant nonsingular
matriz P such that

Exercise 3.4. Prove the last remark.

3.2 Periodic linear systems

Definition 3.5. A linear system of ODE’s (3.5) is called a periodic linear system with the period
T if
At +71) = A(t), b(t+7)=0b(t), V.

Theorem 3.5. For any fundamental matriz ®(t) of a periodic linear system of ODE’s with
period T there is a constant nonsingular matriz C' such that

Bt +7) = B(t)C.

Remark 3.5. The matriz C is called a main matriz.

Proof.

If a matrix ®(¢) is a fundamental matrix of a periodic linear system of ODE’s, then the matrix
®(t + 7) is a fundamental matrix of the same linear system of ODE’s. In fact,

Ot+7)=At+1)P(t+7)=AR)D(t + 7).
Thus, there is a constant matrix C' that
O(t+71)=D(t)C.

O

Theorem 3.6. If ®(t) and ®(t) are two fundamental matrices of a periodic linear system
of ODE’s with a period T and main matrices C' and C, then there is a constant matriz P that
O(t) = O(t)P and

C =P 'CP.
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Proof.
_ Because ®(t) and ®(t) are two fundamental matrices, then there is a constant matrix P that
O(t) = O(t)P. It gives

O(t+7)=d(t+7)P = d(t)CP = d(t)P~'CP.

O

Definition 3.6. Two linear periodic systems X = A(t)X and Y = A(t)Y with the same period
T are called equivalent systems if there is a nonsingular periodic with the period T matriz S(t) and
fundamental matrices ®(t) and V(t) (of the systems X = A(t)X and Y = A(t)Y, respectively) such
that

Theorem 3.7. Two linear periodic systems are equivalent systems if and only if there are
fundamental matrices ®(t) and V(t) of these systems with the same main matriz C'.

Proof.

Assume that systems

X=ABX Y =AY

are equivalent and ®(¢) is an arbitrary fundamental matrix of the system 'X = A(t)X with the main
matrix C'. Then V() = S(¢)®(t) is a fundamental matrix of the system Y = A(¢)Y. Therefore,

U(t+7) = S+ 1)t + 1) = SHD(t +7) = SHBE)C = U(t)C.

It proves the first part of the statement of the theorem.
Let two periodic systems with the same period have fundamental matrices with the same main
matrix C"-

O(t+7)=2)C, V(t+71)=V()C.
Then C = @7 1(t)®(t+7) and U(t +7) = V()@ (t)®(t + 7) or
U(t+7)0  (t+7) = V()P (2).

If we denote S(t) = U(¢t)® (), then S(t) is a periodic matrix and

O

Remark 3.6. DBecause linear systems of ODE’s are uniquely determined by their fundamental
matrices, one can obtain that matrices of equivalent periodic systems are related by

A .

At) = (S(t) + S(HA®) S (1).

3.2.1 Algebraic background

For any nonsingular matrix A there is a matrix B such that

AB = BA and A = €5,
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where . )
e?=E+B+_B*+...+ =B"+...
2! n!
For any real nonsingular matrix A there is a real matrix B; that
AB; = B;A and A? = &P,

If AB = BA, then

ee” =e’et =e
If
Y =P
then
Y = BY.
In fact, if
1 1
Y:etB:E+tB+§t232+...+5t"3”+...,
then
y 1 2 1 2 n3 1 n pn
Y = B+ —=tB*+—=t"B°+...+ —=t"B"+...
1! 2! n!
1 1
= B(E+tB+§tZB2+...+—'t”B”+...): BY
! n!

Exercise 3.5. Prove that the function U = Bt is a fundamental matriz of the system

Y = B,Y

3.2.2 The Liapunov theorem for periodic linear systmes

Theorem 3.8. (Liapunov). Any periodic linear system of ODE’s
T=A(t)x, Alt+71)=A()

15 equivalent to a linear system
y = By

with the constant matriz B. If a periodic matriz A(t) with period T is a real matriz then there is a
real constant matriz By that these two systems are equivalent systems considering them as periodic
systems with the period 27.

Proof.

Let a matrix A(t) be a periodic matrix with a period 7, ®(¢) is a fundamental matrix with the
main matrix C":

O(t+71)=(t)C.

Since C' is nonsingular, there exists a matrix B such that C' = e¢™?. The function ¥(t) = €'P is

a fundamental matrix of the system & = Bxz. Because the periodic linear systems of equations
& = A(t)x and © = Bz have the same main matric C', they are equivalent.
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If the matrix A(t) is real, then the fundamental matrix ®(¢) is a real matrix, this implies that C
is also a real matrix and

Ot +27) = Bt +7)C = O(t)C>.
For the matrix C2 there is a real matrix B; that
C2 =B

1 -
or if we denote By = 2—31, then C? = 2781 The systems
T

X =At)X

and '
Y = B)Y

are equivalent systems considering them as systems with the period 27. This follows from the
property that U(t) = e!P1 is a fundamental matrix of the system Y = B;Y and the equalities

W(t 4 27) = 2081 — tB12B — (1) C? (4 27) = B(t)C2

From the previous theorem one has that these two systems are equivalent as periodic systems with
the period 27. O

3.3 Linear homogeneous systems with constant coefficients
In this subsection we construct a fundamental system of solutions of a linear system of ODE’s
T = Ax, (3.7)

where A is a real m x m matrix with elements a;; € R.
If x = ¢(t)+i(t) is a complex-valued solution of this system, then ¢(t) and v(¢) are also solutions
of (3.7). This follows from the property

b+ it = A+ i(Au).

A fundamental system of solutions of system (3.7) depends on algebraic structure of the matrix A.
Let D(A) = det(A—AE) be a characteristic polynomial and Ay, ..., \, are eigenvalues of multiplicities
His -, pp. Here 1T < p < m and Zua:m.

For each eigenvalue \ of multiplicity 4 one constructs a chain of adjoint vectors A, A ... pW:
(A—=XE)MY =0
(A—AE)h?) = pM

(A — )\.E).h(u) = pr=1)

Theorem 3.9. There exists a basis of the vector space C™, which consists of chains of adjoint
vectors. Even more, for real matrices A, if A is a real number, then a corresponding chain can be
chosen real and if \ is a complex number, then for X and the conjugate eigenvalue X corresponding
chains can be chosen pairwise conjugate.

In order to construct a fundamental system of solutions one defines auxiliary functions for each
chain.
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Let A be an eigenvalue of multiplicity p and AW, A®) .. h® be a chain of adjoint vectors.
Functions Q4 (¢), Qs(t), ..., ,(t) defined by:

k—a

t
Rl
(k — a)!

Qo(t) =0, Q(t) =)

a=1

satisfy the properties:

d

%Qk(t) = Qk—l(t)7 (k = 172a s 7”)7

AQp = X0+ Qiq, (BE=1,2,...,1).
Exercise 3.6. Prove these properties.
Lemma 3.3. The vector-function
y® (1) = Qu(t) exp(tX)
is a solution of system (3.7).

Exercise 3.7. Prove this lemma.
A fundamental system of solutions can be composed by the vector-functions Q(t) exp(At):

®(t) = (Re(y™), Im(yW), ..., Re(y™), Im(y™), ...).

Exercise 3.8. Prove that the Wronskian

W(0) = det(®(0)) % 0.

3.4 Linear equations of m-th order

The study of the Cauchy problem of any linear equation:
Y™ 4+ ar (Y™ + L+ an(t)y = b(D), (3.8)
y(to) = yo, ¥'(to)) =y, -, Y (to) = Ymo1, to€J

with coefficients a;(t) € C(J) and b(t) € C(J) can be reduced to the study of the Cauchy problem
of the linear system of ODE’s

' = A(t)x + b(t), (3.9)
x(tg) = o, to € J.
Where
T =Yy, To=1, ..., Tp=y™ Y
and
0 1 0 0 0 0
0 1 0 0 0
Alt) = 0 0 0 0 0 b(t) = 0 . (3.10)
0 0 (S 0
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Note that A(t) € C(J), b(t) € C(J).

Theorem 3.10. The Cauchy problems (3.8) and (3.9) are equivalent.
Proof.
Any solution 1 (t) of (3.8) corresponds to the solution

z(t) = (), ¢'(t),.... v (1)

of system (3.9), and opposite, any solution of (3.9)

x<t) = (Sol(t)a 902<t)7 s 790m<t))*
corresponds to the solution
y = ei(t)
of (3.8). O
From the equivalence property between (3.8) and (3.9) one concludes that there exists one and

only one solution of the Cauchy problem (3.8).
As for a linear system of ODE’s we start studying a homogeneous equation

Y™+ ay()y™ Y 4 4 amy = 0. (3.11)
This equation is equivalent to a homogeneous system
T = A(t)x

with the matrix (3.10).
Definition 3.7. A system of functions

Y1 (t),a(t), ..., (t), te J

is called a linearly dependent system of functions if there are constants c,, (o =1,2,...,k) at least
one of them is not equal to zero, that the linear combination

k

> catha(t) =0, VE € J.

a=1
Otherwise the system of functions is called linearly independent.

Definition 3.8. A linearly independent system of solutions

i(t), P2(t), - m(t), t € J

of a homogeneous equation
y(m) + al(t)y(m’l) +...F+an,()y=0

is called a fundamental system of solutions (here m is an order of the equation).
Theorem 3.11. A system of solutions 11 (t), ¥a(t), ..., Um(t), t € J of equation
y(m) + al(t)y(m—l) 4+t am(t)y =0

is linearly independent (or dependent) if and only if a system of solutions G1(t), Ga(t), ..., Gm(t), t €
J of the linear system
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is linearly independent (or linearly dependent).

Remark 3.7. Here the matriz A(t) is (3.10), the systems of solutions 11 (t),1¥a(t), ..., Yu(t),
te Jand Gi(t),Pa(t),...,8m(t), t € J are related by the formula

Bi(t) = (1), (1), ..., "V ()

Exercise 3.9. Prove this theorem.

Definition 3.9. The determinant of the matrix

() ()
W(t) = , ted,

WP )
composed by functions ¥1(t),...,Yn(t), t € J is called the Wronskian.

Theorem 3.12. (Ostrogradskii-Liouville). Let W(t), t € J be the Wronskian of a fundamental
system of solutions of a linear equation

y(m) + al(t)y(m_l) +...+an(t)y =0,

then t
W(t) = W(tg)e o™ 4e

Exercise 3.10. Prove the Ostrogradskii-Liouville formula.

Exercise 3.11. Derive the method of variation of parameters for equation (3.8).

3.5 Second order linear equations

The most intensively studied class of ODE’s is the class of linear second order equations

po(x)j;; + (x);lz + po(x)u = p3(x). (3.12)

The coefficients p;(z), (j = 0,1,2,3) are assumed continuous functions in the interval J. Dividing
(3.12) by leading coefficient po(x), one obtains the normal form

e pla) e + gl = r(x). (313)

By substituting the representation
u(z) = v(x)e’%fp(z) de

into (3.13) it can be reduced to the equation

EZZ +q(x)v = 7(x), (3.14)
where ¢(z) = _2le) _ple) +q(z), #(x) = r(z)ez /p@) dz
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3.5.1 Bases of solutions
Here we consider a second order homogeneous linear equations with constant coefficients
! /
y +py +aqy=0.

As it was proved, this equation can be transformed to the equation

y"+qy =0.
with ¢ = ¢ —p?/4. Thus, it is enough to construct a fundamental system of solutions for the equation

Y +qy =0. (3.15)

A fundamental system of solutions (f(¢), g(t)) of equation (3.15) depends on a value of the constant ¢:

qg>0 g=0] ¢g<0
f(t) | sin(tyq) | 1 |etVe
g(t) | cos(t\/q) t eV=a

3.5.2 Separation theorems

The following theorem states that all nontrivial solutions of a linear homogeneous second order
equation have the same number of zeros.

Theorem 3.13. (Sturm separation). If f(t) and g(t) are linearly independent solutions of the
DE

y' + o)y +a(t)y =0,
then between two successive zeros of the function g(t) there is zero of the function f(t).
Proof.
Since f(t) and g(t) are linearly independent the Wronskian is either strictly positive or strictly
negative. For the sake of simplicity, assume that W (f, g)(t) > 0. If g(t.) vanishes at t,, then

W(f,9)(t.) = f(t.)g'(t.) > 0.

Therefore, f(t.) # 0 and ¢'(t.) # 0. If ¢; and ¢y are two successive zeros of g: ¢g(t;) =0, (i = 1,2),
then ¢'(t;) # 0 and f(t;) # 0, (¢ = 1,2). Moreover, the nonzero numbers ¢'(¢;), (i = 1,2) have
different signs: ¢'(¢1)g'(t2) < 0. Hence, f(t1) and f(t2) have opposite signs. Because the function
f(t) is a continuous function, then there exists a point t; where f(ty) =0. O

Theorem 3.14. (Sturm). Let f(t) and g(t) be nontrivial solutions of the DE’s f" + p(t)f =0,
and g" +q(t)g = 0, respectively, where p(t) > q(t). Then f(t) vanishes at least once between any two
zeros of g(t), unless p(t) = q(t) and f(t),g(t) are linearly dependent.

Proof.

Let t; and ty (3 > t1) be two successive zeros of ¢(t), so that g(t;) = 0, (i = 1,2) and g(t) #
0, Vt € (t1,t2), for example, assume that g(t) > 0, Vt € (t1,t3). Then ¢'(t1) > 0, ¢'(t2) < 0. Suppose
that f(t) # 0, Vt € (t1,t2), for the sake of simplicity one can account that f(t) > 0, Vt € (t1,t2).
This makes

W(f,9)(t1) = f(t1)g'(tr) =0, W(f,g)(t2) = f(t2)g'(t2) < 0.

On the other hand, since f(t) > 0, g(¢) > 0 and p(t) > ¢(t), Vt € (t1,12), one has

d

2 W (L9)0) = f()g" (1) = [")g(t) = (p(t) = a(6)) [()g(t) 2 0, ¥t & (11, ts).
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Hence, W (f, g)(t) is nondecreasing. It gives a contradiction unless

(p(t) = q()) f(t)g(t) = W(f,9)(t)) = 0.
In this event, f(t) = kg(t) for some constant k. O
Corollary 3.1. Ifq(t) <0, then there is no nontrivial solution of ODE

u' +q(t)u=0 (3.16)

that can have more than one zero.

Proof.

We can compare solutions of two equations: (3.16) and v” = 0. If nontrivial solution g(t) of
equation (3.16) has two zeros, then the solution f(¢) = 1 of the equation v” = 0 must have zero
between two successive zeros of ¢(t). This is a contradiction. O

3.5.3 Adjoint operators

Definition 3.10. Any second—order homogeneous linear ODE
L[u] = po(t)u"(t) + pr(t)u'(t) + p2(t)u(t) = 0 (3.17)

is said to be exact if and only if, for some A(t), B(t) € C'(J),

d
pou” + pru’ + pou = %(AU/ + Bu)
for all functions uw € C*(J).
An integrating factor for DE (3.17) is a function v(t) such that vL[u] is exact!.
If an integrating factor v for (3.17) can be found, then

d A(t)u' 4+ B(t)u).

o(t) (ot + pr () + pat)u) = 2

Thus, the solutions of the homogeneous DE (3.17) are those of the first-order nonhomogeneous linear
DE
A(t)yu' + B(t)u=C,

where C' is an arbitrary constant. Also, the solutions of the nonhomogeneous DE L{u] = r(t) are
those of the first-order DE
Al + B(tyu = / w(t)r(t)dt + C

These DEs can be solved by a quadrature. Hence, if an integrating factor of (3.17) can be found,
one can reduce the equation Llu] = r(t) to a sequence of quadratures.
Evidently, L[u] = 0 is exact in (3.17) if and only if p = A,p; = A’ + B and p, = B’. Hence
(3.17) is exact if and only if
b= B =~ ) =5}~ ().
This simple calculation proves the following result.

Lemma 3.4. Differential equation (3.17) is exact if and only if its coefficient functions satisfy

po —p1+p2=0.

'Here and later, it will be assumed that pg € C?(J) and p1,ps € C*(J).
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Corollary 3.2. A function v € C*(J) is an integrating factor for DE (3.17) if and only if it is
a solution of the second—order homogeneous linear DE

Mv] = (po(t)v(t))” — (p1(t)v(t))" + p2(t)u(t) = 0. (3.18)

Definition 3.11. An operator M in (3.18)
Mv] = pov” + (2ph — p1)v' + (pg — P} + p2)v =0

15 called an adjoint to the linear operator L.

Whenever a nontrivial solution of the adjoint DE (3.18) of a given second-order linear DE (3.17)
can be found, every solution of any DE L[u] = r(t) can be obtained by quadratures.

Substituting into (3.18), one finds that an adjoint operatator of the adjoint of a given second—
order linear DE is again the original DE. Another consequence of (3.18) is the identity, valid whenever
po € C*(J), p; e C'(J), i=0,1,

vL[u] — uM[v] = (vpe)u” — u(pev)” + (vp1)u' + u(pv)’.

Since wu” — uw' = (wu' — vw') and (vw)" = uw’ + wu’, this can be simplified to give the Lagrange
identity
d
vL[u] — uMlv] = %(po(u/v —w') — (py — p1)uv) (3.19)
The left side of (3.19) is an exact differential of a homogeneous bilinear expression in u, v, and their
derivatives.

Definition 3.12. A homogeneous linear differential equation that coincides with its adjoint is
called a self-adjoint.

The condition for (3.17) to be self-adjoint is 2py — p1 = p1, that is pj = p;. Since this relation
implies pj = pf, it is also sufficient. Moreover, in this self-adjoint case, the last term in the Lagrange
identity (3.19) vanishes. This proves the first statement of the following theorem.

Theorem 3.15. A second—order linear DE (3.17) is self-adjoint if and only if it has the form

S0 %)+t =0.

Differential equation (3.17) can be made self-adjoint by multiplying through by

1 f(p—l)dt
h(t) = el ‘po’",
() po(?)

Proof.
To prove the second statement, first reduce (3.17) to normal form by dividing through by py, and
then observe that the DE

hu" + (ph)u’ + (gh)u =0

is self-adjoint if and only if A’ = ph or h = eJ Pt O
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3.5.4 Two—endpoints problem

We have considered only ”initial conditions”. That is, in considering solutions of second—order DEs
such as y” = p(t)y’ + q(t)y, we have supposed y and ¢y’ both given at the same point t,. That is
natural in many dynamical problems.

In other problems, two—endpoint conditions, at points ¢ = a and ¢ = b, are more natural. For
instance, the DE y” = 0 characterizes straight lines in the plane, and one may be interested in
determining the straight line joining two given points (a,y;) and (b, y,). That is, the problem is to
find the solution y = f(t) of the DE y” = 0 which satisfies the two—endpoint conditions f(a) = y;
and f(b) = ys.

It is natural to ask: under what circumstances does a second-order DE has an unique solution,
assuming given values f(a) = y; and f(b) = y2 at two given endpoints a and b > a? When this is
so, the resulting two—endpoint problem is called well-set.

Theorem 3.16. A two—endpoint problem of a second—order linear homogeneous DE

Y+ p(t)y +q(t)y =0,
y(a) =y, y(b) =y2 (3.20)

with continuous coefficients in the interval J = [a,b] has unique solution if and only if the two—
endpoint problem

y' +pt)y +a(t)y =0,

yla) =0, y(b) =0
has an unique solution.

Proof. The general solution of the differential equation y” + p(t)y’ + ¢(t)y = 0 is the function

y = af(t)+ Bg(t), where f(t) and g(t) are two linear independent solutions, and «, [ are arbitrary
constants. We are looking for the solution that satisfies the conditions

af(a)+ Bgla) =y, af(b)+ Bg(b) = ys.

Considering this equations as a system of linear algebraic equations with respect to a and 3 one has
that this system has an unique solution o and 3 if and only if the determinant f(a)g(b)—g(a)f(b) # 0.
This condition coincides with the condition of uniqueness of the solution of the homogeneous linear
equations

af(a) + Bg(a) =0, af(b)+ Bg(b) = 0.

This proves the theorem. O

When differential equation (3.20) has a nontrivial solution satisfying the homogeneous end—point
conditions y(a) = y(b) = 0, the point (b,0) on the x—axis is called a conjugate point of the point
(a,0) for a given homogeneous linear differential equation (3.20). In general, such conjugate points
exist for differential equations whose solutions oscillate, but not for those of nonoscillatory type, such
as y" = q(t)y with ¢(t) > 0.
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Stability theory

4.1 Stability definitions

We will consider the normal systems of first—order DE’s
T = F(t,x).
with F(t,z) € C(Dy), where D, is the cylinder
Dy ={(t,z) | t>a,l|z| <h}.

The constants a and h can accept infinite values: a = —oo, h = 4o00.
If F(t,r) € C(Dy) and F,(t,z) € C(Dy) (j = 1,2,...,m), then for any (to, ) € D, there exists
only one solution of the Cauchy problem

{ &= F(t,x) (4.1)

.ZC(to) = 29

The solution of the Cauchy problem (4.1) will be denoted by x = ¢(t, to, zo). If it is understandable,
then for the solution = = (¢, to, zo) we will write z = (). Assuming that F'(¢,0) = 0 and xy = 0,
we have only solution x = 0 of the Cauchy problem (4.1), which is called a trivial solution.

Let us consider some solution z = ¢(t) of the system & = F(¢,z) on the interval (a,+00). We
can construct the equivalent system of equations y = F (t,y) for which the trivial solution y = 0 is
equivalent to the solition & = ¢(t). This can be done by replacing the unknown function = = y+ p(t)
and setting F(t,y) = F(t,y + ¢(t)) — F(t,¢(t)). The system § = F(,y) is called a reduced system.

~

Exercise 4.1. Prove that the systems @ = F(t,x) and y = F(t,y) are equivalent.

Hint: prove that any solution of the system @ = F(¢,x) corresponds to a solution of the system
= F(t, y) and vice versa.

Definition 4.1. (Lyapunov stability). The trivial solution of the system & = F(t,x) is called a
stable solution fort — oo if Vtg € (a,00) and Ve >0, 3 §(to,e) > 0 that any solution x = @(t, tg, xq)
of the Cauchy problem (4.1) with |zo| < § satisfies the condition |p(t,to, )| < e, YVt > to.

For an arbitrary nontrivial solution = = ¢,(t) the following definition of stability can be given.

Definition 4.2. A solution x = p.(t), t € (a,00) of the system & = F(t,x) is called a stable
solution if Yty € (a,00) and Ye > 0 3 §(tg,e) > 0 that any solution x = p(t,ty, o) of the Cauchy
problem (4.1) with |xo — p.(to)| < 0 satisfies the condition |p(t,to, To) — @.(t)] <&, Vt > to.

Solution that is not stable is called unstable.
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Thus, the stability of the solution & = . (ty) means that for any point ¢, there is a neighborhood
of the point ¢.(tg) such that any solution with initial values from this neighborhood will be close to
the solution = = ¢, (t), Vt > t;. And the solution z = ¢, (t) is unstable if

Jty € (a,00),3e > 0, Vo > 0 Fxg, |xg — pulto)] <0, Tt >ty = |@(t,to, x0) — wu(t)] > €

Definition 4.3. (uniform stability). A stable solution x = @.(t) is called uniformly stable if
d(to,e) does not depend on ty:

Ve > 035 =0d(g) >0, Vg, |0 — @«(to)| <= |t to,x0) — pu(t)] < e, Vt>to.

Exercise 4.2. Show that the trivial solution x = 0 of the equation
r+x=0

is stable. Is it a uniformly stable solution?

Definition 4.4. (asymptotic stability). A stable solution x = p.(t) is called an asymptoticly
stable solution if it possesses the property that ¥ty € (a,00) I A(to) that any solution x = ¢(t,ty, zo)
for which |xo — p.(to)] < A(to) satisfies the equality

lim [i(t) — . ()] = 0.

Note that, in order for a solution to be asymptoticly stable (though not sufficient) condition is
to be isolated, i.e. that there is a neighborhood of the solution that does not contain any other
asymptoticly stable solutions. This is in contrast to the property of stability, which can apply even
to the solutions that are not isolated.

Definition 4.5. (uniformly asymptotic stability). An asymptoticly stable solution x = p.(t) is
called an uniformly asymptoticly stable solution if there exists A = A(to), which does not depend on
to. The set

{(t,2) € R™| t € (a,00), |z — pu(t)] < A}

is called an attractive domain of the solution © = p.(t), t € (a,00)

Exercise 4.3. Show that for the equation
=0

any solution is uniformly stable, but not asymptotically stable.
Stability of the solution x = ¢, (t) of the system & = F (¢, x) is equivalent to stability of the trivial
solution of the reduced system

y="rty),
where y = x — ¢, (t) and F(t,y) = F(t,y + ¢.(t)) — F(t,0.(t)). Later we will consider systems with
the trivial solution.

Remark 4.1. A system

&= F(t,x)
is periodic with a period T if F(t+ 1,2) = F(t,x), Yt > a, Yx € D. If the system is autonomous
(F = F(x)), then it can be thought as a periodic system with an arbitrary period. Hence all the
results presented for periodic systems are applied to autonomous systems.
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For a periodic system the condition of uniform stability (or uniformly asymptotic stability) is
equivalent to stability (asymptotic stability). We leave this remark without proof.

Theorem 4.1. The trivial solution x = 0 of a system © = F(t,x) is stable if and only if,
Vto > a, 3d(ty) and a continuous, strictly increasing function ¢ : Ry — Ry such that ¢(0) = 0 and
Vo, |xo| < d(ty) the solution x = p(t,ty,xo) of the Cauchy problem (4.1) satisfies the condition

(¢, to, z0)| < @(|zol) VE = to. (4.2)

Proof.
If (4.2) holds, then for any given ¢ > 0 and any ty > a by choosing

d<t0)7 > d(t())
et = { S0 22 o

we get that the trivial solution is stable.

To prove the converse, we fix ty and construct a function ¢ € C([0,d(ty)]) by the following way.

Because the trivial solution is stable, then for any given £ > 0 there exists (o, &) such that
Vg, |xo| < d(to,€) the solution x = ¢(t,ty, zo) satisfies the inequality |¢(t, ¢y, zo)| < . The function
Wy, (e) = sup(d(to, €)) is nondecreasing and satisfies the conditions 14, (0) = 0 and ¢y, (¢) > 0, Ve > 0.
Let |zo| < vy, () with (¢ < h), then there is (¢, €), such that |zo| < d(to,e) < 4, (), which implies
lp(t,to, z0)] < €. Since the solution ¢(t,ty, o) is continuous with respect to xg, the inequality
|zo| < 4y, (€) implies |@(¢, to, zo)| < €.

For any nondecreasing positive function there exists a continuous strictly increasing function 6(¢)
such that 0 < 0(e) < ¢y, (g), Ve > 0. Let us define d(ty) = #(h). The function #(¢) has the inverse
function ¢(s) = 6~*(s), which is continuous, strictly increasing and defined in the interval [0, d(t)].

Assume that |zg| < d(tp) and define € = ¢(|zo|). Because |zo| = 0(e) < 1/4,(€), one obtains (4.2).

O

Remark 4.2. As an ezample of the function 0(g) one can take the function

o(e) = /O b (5) ds.

Remark 4.3. Note that the function ¢ depends on the point tg.
The same theorem takes place for uniform stability.

Theorem 4.2. The trivial solution x = 0 of a system & = F(t,x) is uniformly stable if and only
if there ezists d > 0 and a continuous strictly increasing function ¢ : R, — Ry such that ¢(0) =0
and Yxg, |ro| < d the solution x = (t,ty,xo) of the Cauchy problem (4.1) satisfies the condition

lo(t, to, w0)| < ¢(|zol) VE > to.

Exercise 4.4. Prove the theorem.

Definition 4.6. The function V (t,x) is called a positive definite in the cylinder
Dy = {(t,l’) | t>a, ’SC‘ < h}7
if there exists a positive function W (z) > 0, VYo # 0 such that

V(t,z) > W(x), V(t,z)€ Dy.
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A function V (t,x) is called a negative definite function in Dy, if —V (t,x) is positive definite.
For a given function V (¢, z) € C'(Dy) and a system & = F(t,z) we relate the function

V(t,x) = %‘;(t, z)+ > Fult, :c)g;; (t,z) = aa‘t/(t, r)+ V,V(z)- F(t,z),

where F' = (F1, Fy, ..., F,)".
The main property of V (¢, z) is the following. Let z = ¢(t) be a solution of the system @ = F'(¢, x)
and v(t) = V (¢, ¢(t)). Then

MO~ et + X ot el
= Grel) + X 2 Fultelt)
S(A0)

For this reason the function V (¢, z) is called a derivative of V (¢, z) along the trajectories of the system
T = F(t,x).

Example 4.1. Let F(t,x) = Az with a constant matrix A and V(¢,2) = z - x = 2% For this
function

V(t,a:) :O—I—ZSXFQ:2ZxaFa:2m-F:2m-A$.

4.2 Stability and instability theorems

4.2.1 The Lyapunov theorems

Theorem 4.3. (Lyapunov). If there is a positive definite function V(t,x) € C'(Dy) with a contin-
uous function W (z) and V (t,0) = 0 such that V (t,z) <0, V(t,x) € Dy, for a system

T = F(t,x),

then the trivial solution x = 0 of this system is stable.

Remark 4.4. The function V (t,z) is called a Lyapunov function.
Proof.
One has to prove that any solution x = @(t) of the system & = F(¢,x) possesses the property:

Ve >0, Vg € (a,00) 30 =09(tg,e) >0, VY|pt)| <d = |e(t)| <e, Vte (tyg,o0).

Choose an arbitrary ty € (a,00) and € > 0. Without loss of generality one can suppose that
e < h. Because W () is a positive continuous function, then there is the positive number

a= ‘HPn W(z) > 0.
T|=¢€
By virtue of continuity of the function V'(¢,z) at the point (o, 0), there exists 6 > 0 that if |z| < 0,
then V (to,z) < a. It is also assumed that J < .

Now we will show that if x = ¢(¢,%9,x0) is any solution of the Cauchy problem (4.1) and if
|zo| < 4§, then |p(t, 10, z0)| < &, Vit > to.
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Assume that there is ¢; such that |p(t1,%0,x¢)| = € and ¢; is the nearest point to ¢, with this
property. The function v(t) = V(t,p(t)) > W(p(t)) is not negative and satisfies the inequality

v(ty) —v(ty) = /t1 V(T, o(7))dr < 0.

to

This means that
U(to) 2 U(tl).

Note that v(t;) > 0, because of ¢(t1) # 0. But from another side, because |p(to)| < 0, then

v(to) = V(to, o(to)) < a,

This gives
v(t) = V(ty,o(t1)) > Wi(p(ty)) > min W(zx) = o > v(to).

|x|=¢
This contradicts to the assumption. O

Exercise 4.5. Prove that the trivial solution of the equation
T=ar, a<Q0

is stable. Use the Lyapunov function V(t,z) = x2.

Definition 4.7. A function V(t,x) is said to be a decrescent if there exists a constant h > 0
and a continuous strictly increasing function W(s), s € [0, h] such that

i) W(0) =0,

i) V(t,z) < W(|z|), Vte€ (a,00), Vx € By, where B, = {z € R"| |z| < h}.

Theorem 4.4. (Lyapunov, asymptotic stability). The equilibrium x = 0 of the system & = F(t,x)
is asymptotically stable if there exists a decrescent, positive definite function V (t,z) € C*(Dy,) such
that

V(t,x) > W(x),Vt € (a,00),Vz € By,

V(t,z) < Wy(|z|), Vte€ (a,00), V€ By.

and V (t,x) is a negative definite function:
V(t,z) < —Wy(z) <0, Yz £ 0.
Here Wy(s) € C([0, h]) is a monotonously increasing function, W (x) € C(By,), Wi(z) € C(By), and

V(t,0) =0, Wa(0) =0

Proof.

Since

V(t,z) < =Wi(z) <0, Vo #0,

by virtue of the first Lyapunov theorem the trivial solution is stable. Hence, taking e = h, there exists
d(to, h) > 0 such that Vg, |zo|,d one has |o(t, 19, x0)| < h. Set A(ty) = (to, h). Let |xo| < A(to)
and assume that x = ¢(t, %y, zo) is the solution of the Cauchy problem

{ i = F(t, ),

I(to) = Xy,
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where |zo| < A(tg), to > a. First of all we study the function

v(t) =V (t, ¢(t,tg, x0)).

If v(ty) = 0, then
0= V(to, p(to)) = W(e(to)) = W(xo) = 0.

Therefore W () = 0, but it can be only if xy = 0. In this case ¢(t,to,x9) = 0, Vt >ty (by virtue
of uniqueness of a solution of the Cauchy problem).
Let v(to) # 0. Because ¢(t,to, x9) € By, and

0(t) = V(t, @(t, to, x0)) < =Wi(ip(t, to, 7)) < 0,
the function v(t) is a monotonously decreasing function. Therefore there is a limit of v(¢):

a = lim v(t) > 0.

t—oo

We will show that a = 0.
Assume that o > 0, then the solution = = ¢(t, to, x¢) has the property:

FB>0=[p(t)] = B, Vt>to.

In fact, suppose opposite: ¥V 5 > 0, It > t, that |¢(t)] < 8. Choosing By = 1/k, one has the
sequence (tg, @(tx)) in which ¢(tx) — 0. If {tx} is bounded, then there is a subsequence

{te.} — ty < o0.
Because of the continuity of the function ¢(t)

n—oo

By virtue of the uniqueness of a solution of the Cauchy problem (4.1) one obtains that (¢, to, z9) = 0
, Vt > to. This gives a contradiction to v(tg) # 0. Therefore there exists subsequence t;, — oco.
Because the function V' (¢, ) is decrescent, then there exists a function W () such that Ws(0) = 0
and
V(t,z) < Wy(|z|), Vte (a,00), Vo € By,.

Because ¢(t,ty,z0) € By, and (ty,,to, z9) — 0, then
0 < v(t,) =Vt ¢(tk,, to, w0)) < Wa([p(ty,)]) — 0.
It contradicts to the condition that o > 0. Thus,
FB8>0=|p(t)| > B, Vt>to

Let us consider the ring

G={z] B<az<h}.

Because the function Wj(z) is continuous and positive, then there is a strictly positive constant
v = Hlelél Wi(x) > 0. This implies

o) — v(te) < [ Wile(s, to,z0)) ds < —(t — to).

to
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It contradicts to the condition that v(¢) > 0. Therefore a = 0.
By virtue of the inequality

v(t) = V(t, o(t, to, 20)) = W(p(t; to, 7)) > 0

one obtains
Jim W (p(t, to, x0)) = 0.

It means that

tlim o(t, to, z9) = 0.

O

Exercise 4.6. Prove that ltlim o(t, to, z9) = 0.

Remark 4.5. Note that the condition of the function V (t,x) to be decrescent can not be omitted
i the second Lyapunov theorem. In order to show this let us consider the Massera’s example. We
construct a differential equation, which satisfies all conditions of the second Lyapunov theorem except
the condition for the function V(t,x) to be decrescent.

Let us construct the following function g(t):

(a) at integer t =n, g*(n) =1, Vn,

(b) in the intervals [(n -1 +1 <i>(n_1) n—3 (i)n} the function

2 \n—1

1/ 1 \®D 1/1\"
1)+ = N e
(n )+2(n—1) o 2(71)]7
. 1.1 1.1 S . , _
(c¢) on the interval (n — 5(—)”,71 + 2( )") the function g*(t) is joined with the function e™* and
n n
1 by continuously differentiable way.

The function g(t) is continuously differentiable on (0, 00).
For the equation

Gt)y=e" te

PRAG (4.3)

the Lyapunov function
2

@), 96s)

satisfies all conditions of the second Lyapunov theorem except the condition for the function V(t,x)
to be decrescent. Note that V (t,z) = —x?. Because any solution of equation (4.3) has representation
x=-cg(t), t €(0,00), then the trivial solution is stable, but it is not asymptoticly stable.

V(t,x) =

4.2.2 The Chetaev theorem

Theorem 4.5. (Chetaev). The equilibrium x = 0 of a system @& = F(t,x) is unstable if there exists
a function V (t,x) with the properties:
) Ve CYDy),
b) V is bounded on the Il = {(¢,z) € Dy| V(¢,z) > 0},
c) V(t,z) >0inII,
d) VYo >0, 36(a) > 0, that V(t,z) > § on I, where II, = {(t,z) € D,| V(t,z) > a},

) Tto such that 0 € Dy, where Dy, = {z € R"| (to,z) € I1}.

Proof.

(a
(
(
(
(e
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In order to prove the theorem one needs to find £y and € > 0 such that
Vo > 0 dxy, |.170| < 6, dt; > 2?0 - |g0(t1)| > €.

Let ¢ = h (the radius of the cylinder Dy,), fy = to (from property (e)). Because 0 € D,,, then
for any 6 > 0 3 29 € Dy, and |xg| < d. Let us consider the solution x = ¢(t, g, z) of the Cauchy
problem (4.1). Note that

U(to) = V(tg,xo) > 0.

Assume that |¢(t,t, )| < €, Vt > to. It will be proven that this contradicts to the conditions
of the theorem.

Let the set

S ={t>ty|v(t) =0} #0.
Denote t, the nearest point to to: t, = inf S. Note that v(t.) = 0 and v(t) = V (¢, ¢(t, o, x9)) > 0 in
the interval [to,t,). Thus, (¢, o(t, to, o)) € II and 0(t) = V (t, ¢(t, to, 2¢)) > 0 (according to the third
property of the theorem). It implies v(t) > v(ty), Vt > to. For example, for ¢t = t,: v(t.) > v(ty) > 0,
which contradicts to the condition v(t,) = 0. Therefore, the set S is empty, (¢, ©(t,to, zo)) € II and
(t) > U(to), Vit > ty.
Let a = v(ty) > 0. Note that

v(t) > v(ty) =a, Vt>t.
Since (1, to, z9)) € Dy and v(t) > 0, one has (¢, ¢(t)) € Il,. Using property (d) thereis 3 = 3(a) > 0
that V (¢, p(t,t9, o)) > [ and then
¢
v(t) = v(ty) + ) 0(s) ds > wv(ty) + B(t — to).
0
This contradicts to the boundness of V (¢, z). O

Exercise 4.7. Using the Chetaev theorem (taking V (t,x) = x*) prove that the solution z = 0
of the equation
z=ax, a>0

18 not stable.

4.3 Stability of quasilinear systems

Definition 4.8. A system of ODE’s & = F(t,x) is called a quasilinear system if
F(t,x) = A(t)x + p(t, x),

where A(t) is m X m matriz and the function ¢(t,x) satisfies the conditions:
(a) ©(t,0) =0,
t
|z|—0 |I|
Let the matrix A be a constant matrix.

= 0 uniformly with respect to t.

Theorem 4.6. If all eigenvalues of the constant matriz A have strictly negative real parts, then
the trivial solution of the quasilinear system & = F(t,x) is asymptoticly stable.
Proof.

We prove the theorem by applying the second Lyapunov theorem.
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Let us consider the linear homogeneous system

y = Ay.

Assume that ®(¢) is a fundamental matrix of the system. By virtue of the construction of a funda-
mental matrix, every element of the fundamental matrix ®(¢) has the resprsentation

P(t) - e

where P(t) is a polynomial of the degree less than multiplicity of the eigenvalue A of the matrix A.
Because Re(A) < 0, then the integral

| e e dr
0
converges. Since fundamental matrices are related by ®(t) = ®(¢)C' with some constant matrix C,
without loss of generality, we can account that ®(¢) is a matrizant: a fundamental matrix with the
identical matrix ®(0).

Choose

Vit,z) = V() = /0°°(¢(T)x, (r)a)dr = /O°°<<1>*<T)<I>(T)a;, )dr = ((/Ow <I>*(T)<I)(’r)d’r) x:v)

or

V(t,x) = (Sx,x),

where

S = /OOO O*(7)P(7)dT

is a numerical matrix. Since the matrix ®(¢) is nonsingular and continuous the scalar product
(Sx,z) >0, and (Sz,x) =0 if only if z = 0.

The matrix S is equivalent to the diagonal matrix A with positive diagonal elements \; (i =
1,2,...,m). Even more, because S is a symmetric matrix, there is an orthogonal matrix P and a
diagonal matrix A such that

S = P*AP.

Let us consider a scalar product:
(Sz,x) = (P*APz,z) = (APz, Px) = (Ay,y) = > Aaya 20,
a=1

where the vector y = Pz. Because the equality (Sx,z) = 0 is only possible if x = 0, then \; > 0.
Even more

(miax()\i)> 2* > (Sw,x) > (miin()\i)) 2 >0, Vr#0.

This means that the function V(¢,x) is a decrescent, positive definite function. Note also that
VV(z) =2Sz.
The solution {(t,z) = ®(t)z of the Cauchy problem

{ o

has the property
(7, &(t,x)) = &(t + 7, x).
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In fact, let a(7) = £(7,&(t,x)) and b(7) = £(t + 7,2). Then

CL(O) = 5(07 f(t, l’)) - f(t, x)? b(0> - §<t’ l‘)

and J J
%a = A(l, %b = Ab

By virtue of the uniqueness of a solution of the Cauchy problem one obtains a(7) = b(7).
In order to use the second Lyapunov theorem one needs to show that the function

V(t, z) = (VV(z), Az + ¢(t,x)) = (VV(x), Az) + (VV (z), ¢(t, x)).

is negative definite.
For the first term one has

(VW) An) = (Wielt). 5 ) = (F0ewa)

But ~ - o
VEt) = [T @@t a)iar = [T+ ) = [ (E(ra)
therefore g
SVt ) = ~(E(t,2)?

(VV(z), Ar) = —2?.
The second term (VV (z), p(t, z)) satisfies the inequality:

[(VV(2), o(t,2))] < [VVIet,2)| < 2 [ S| |2| [o(t, 2)].

t
Because lim lp(t, 7))
ol=0 |z

= 0 uniformly with respect to ¢, then

Ve>030>0, Vo, |z| < 0 = |¢(t,z)| < elz].

If ¢ satisfies the inequality
a=1-2]S5|e>0,

then in the cylinder
Ds ={(t,x)[ t > a, |z| <0}

the function V(t,z) is negative definite:
V(t,x) = -2+ 2(Sx, o(t,x)) < —2® + (2 || S || €)2® < —aa?.

By virtue of the second Lyapunov theorem the trivial solution is asymptotically stable. O

Corollary 4.1. If all eigenvalues of the Jacobi matrix

s OF (x)

0T |z=0
are strictly negative, then the trivial solution of an autonomous system

= F(z), FecC?
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1s asymptoticly stable.
Proof.
Because F' € C?, then from the Taylor formula

F(z) = Az + ¢(2)
with some function ¢(z) € C', which satisfies

tim 2O _
z—0 |x|

The proof of the corollary follows from the previous theorem. O
Theorem 4.7. The trivial solution of a linear system
T = Ax

with a constant matriz A is unstable if at least one of eigenvalues has strictly positive real part.

Exercise 4.8. Prove this theorem.
Hint: find a solution, which corresponds to an eigenvalue with a positive real part.

Definition 4.9. A critical point xo (F(t,z9) = 0) is called totally unstable, if Vty there exists
0 > 0 such that

Vg, |£ — JJ()| < (5, 17T = T(t0,£> that Vt > T — |g0(t,t0,£) — ZL’()’ >0
where x = p(t,t, &) is a solution of the Cauchy problem

T =F(t,x), x(ty) =¢&.

Theorem 4.8. Let a quasilinear system
&= F(t,z) = Az + ¢(t, x)

has a constant matrix A. If all eigenvalues of the matriz A have a strictly positive real part, then
the trivial solution x = 0 of this system is totally unstable.
Proof.
Take the system
T = —Ax.

With the help of a fundamental matrix of this system one can construct the Lyapunov function
V(x) = (Sz,x).

This function has the properties (the proof is the same as in the previous theorem):
(a) (VV,—Az) = (2Sz, —Az) = —2?,
(b) agz? < V(z) < ayz?, a; >0, ay > 0, where a; = max()\), g = min(\g).
For the function V(z) one has

V(z) = (VV, Az + ¢(t,2)) = (VV, Az) + (VV, ¢(t, 7)) = 2* + 2(Sz, (1, ).
Because the system & = F(t,x) is a quasilinear system, then

Ve >0, 36, >0, Vo, |z| < 01 = |p(x,t)| < e|z|.
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Therefore, if |z| < §;, then

or

~@]) S | 2)a? < (VV,iplt,2)) < (22 | S )
Suppose that e satisfies the inequality

a=1-2|8S|>0,
then ‘ o
V(z) > az® = —ayz® > BV (z),
an

where § = a/a; > 0.

There exists a number ¢ < ¢, such that Vz satisfying the inequality V(z) < ¢, then |z| < §;. In
fact, assume opposite, that

Ve <e, Jz, such that if V(z) <c¢ = |z| > 01.

Let ¢, = 1/n, then there is a sequence {x,} that
1

Vizy) <=, |zn| > 01.
n

But V(z) > aqz?, therefore |z, = 0. It contradicts to the condition that |z,| > 1. Thus, there
is the number ¢ < € that for any x satisfying the inequality V' (z) < ¢ one has

V(z) > BV (2)

Let

d = min(dy, i)

(651

and the cylinder
D ={(t,x)|t > a, |z < d}.

Note that if V(x) > ¢, then |z]| > y/c¢/ay > 0.
Assume that |£] < 0, x = h(t,§) is a solution of the Cauchy problem

Lo

and v(t) = V(h(t,£)). Because £ # 0, then v(ty) > 0 and
v(t) > v(ty)e 1)

or

V(h(t,€)) > V(£)e ")
From the last inequality one can conclude that there is T' = T'(t¢, &) such that
V(MT,E)) = c.

Now we will prove that if ¢t > T and the solution z = h(¢,§) is definite for these values of ¢, then
V(h(t,§)) > c. Assume opposite:

Htl > T that V(h(tl,f)) < C.
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Let ty < t; is the nearest point to t1, where V(h(ts,€)) = ¢ and
V(h(t,€)) < c Vt € [ta, t1].

There is t, € [t2,?;] such that

o(t.) = U(tiz ::Q(tz) <0.

Since t, € [t1,1ts], then 0 < V' (h(t.,€)) < ¢, and therefore
0(t.) = V(h(t..€)) = BV (h(t., €)) > 0.

One obtains a contradiction.
Thus, Vt > T the solution x = h(t, §) satisfies the inequality V' (h(t,&)) > c. This gives |h(t,&)| >
o0, vVt >T. O

Theorem 4.9. If at least one of eigenvalues of a constant matriz A has strictly positive real
part, then the trivial solution of the quasilinear system

T = Ar+ ¢(t, )

15 unstable.

Exercise 4.9. Prove this theorem.
Hint: use the Chetaev theorem.
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Chapter 5

Introduction to functional differential
equations

This chapter gives an introduction to delay differential equations!.

5.1 Definitions

A more general type of differential equations than considered up to now is type of equations which
is called a functional differential equations. The simplest type of functional differential equations is
"delay differential system of equations” such as

LL‘(t) = G(t7 Ql(g1<t)), x(QZ(t))v ce 7x<gn(t)))> (51)

where © € R™, g;(t) € [t —r,t], Yt >1to, (j=1,2,...,n), for some constant r > 0. For example,
gi(t) =t—1, go(t) =t —2, n=2, m =1 and the equation is

(t) =3x(t — 1) — x(t — 2).
Definition 5.1. If x(t) is a function defined at least on [t — r,t], then a new function x; :

[—7,0] = R™ is defined by
xt(s) = x({t+s), se[-r0]

We will denote the set of continuous on [—r, 0] functions with values in D by

Qp ={x€C(-r,0)) | x(t)e DcC R™, Vte[-r0]}.

Definition 5.2. The equation
z(t) = F(t, zy) (5.2)
with the functional F : J x Qp — R™ s called a functional differential equation. Here J is some

interval (a, ).
For any function y € Qp we define the value

I ll-="sup [x(s)l;

—r<s<0

'We follow to the textbook: R.D.Driver. Ordinary and delay differential equations. Springer—Verlag New York
Inc., 1977.

79



80 CHAPTER 5. INTRODUCTION TO FUNCTIONAL DIFFERENTIAL EQUATIONS

which can be considered as a norm of the Banach space Qg containing the space of functions
X € QD-

Example 5.1. For system of equations (5.1) the functional F(t,z;) is defined as

F(t,x) = G(t,we(g1(t) —t), 2e(ga(t) — 1), ..., 24 (gn(t) — 1)).

0
Example 5.2. If the functional is F(t,x) = / X(s) ds, then the functional differential

equation is

z(t) = /_OT x(s) ds = /t;x(s) ds.

When we were studying existence and uniqueness for system of ordinary differential equations
we had needed to consider a continuity and Lipschitz conditions. These are replaced for a functional
F(t, z;) by the following way.

Definition 5.3. A continuity condition is satisfied if the function F(t, x;) is continuous function
with respect to t € [to, B) for each given continuous function x : [to —r,3) — D.
Let Q be a subset of J x Qp.

Definition 5.4. The functional F': J x Qp — R™ satisfies a Lipschitz condition on Q (or F
is Lipschitzian on Q) if there exists a positive constant L that

for arbitrary (t,x) and (t,x) from Q.

Definition 5.5. The functional F': J x Qp — R™ s said to be a locally Lipschitzian if for
each given (to, Xo) € J X Qp there exist numbers a > 0 and b > 0 such that F is Lipschitzian on the
subset

Q={(t,x) e JxQp| teto—ato+alNJ, x€Qp, | x—xol-<b}.

Exercise 5.1. Prove that if the function F : J x D" — R™ satisfies the Lipschitz condition (as
a function), then it satisfies the Lipschitz condition as the functional F : J x Qp — R™.

Definition 5.6. The problem of finding a solution of system (5.2), which satisfies the values

T1o(5) = P(s), s € [to — 7, 10] (5.3)

18 called an initial value problem.

5.2 Uniqueness of solution

The uniqueness theorem will use the following result.

Lemma 5.1. Let x: [to —7,3) — R™ be continuous. Then for any t € [to, 3) and any £ > 0
there exists 0 = 6(t,€) > 0 such that Vt € [to, B) and |t —t| < §:

| xe — xz [l < e.
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Proof.

Let ¢ € [to, 3) and ¢ are arbitrary. Choose 3, that £ < 3; < 3. Since Y is uniformly continuous
on the closed bounded interval [ty — 7, 4], there exists 6 € (0, 3; — t) such that if 7 and 7 belong to
the interval [ty — r, 31] and |7 — 7| < 4, then

IX(7) = x(7)| <¢&/2.
Ift € [ty —r,3) such that |t — | < §, then t € [ty — 7, 31) and, since [t + s — (t +5)| = [t — | < J, we
have
xe(s) = xi(s)| = [x(t + ) = x(E +5)] <e/2, Vs € [-r,0].
Therefore
X = xi llb="sup_|xi(s) = xi(s)| <e/2 <e.

—r<s<0

(Il
Note that if the functional F': [ty, 3) x Qp — R™ satisfies continuity condition with respect to ¢

in [to, 3), then the continuous function ¢ : [ty — 7, ) — D is a solution of the initial value problem
(5.2), (5.3) if and only if

. ’(,D(t—to), Vt € [to—?",to],
Plt) = { B(0) + 1 F(s,p0) ds, ¥t € [to, B).

Theorem 5.1. If the functional F : [ty,5) x Qp — R™ satisfies the continuity condition and
it is locally Lipschitzian. Then the initial value problem (5.2), (5.8) with ¢» € Qp has at most one

solution on [to — 1, 1), for any By € (to, 5]
Proof.

Suppose that for some 3 € (to, 8] there are two different solutions x = ¢(t) and = = ¢(t):
2 [tO_Taﬁl) _>D> 95: [tO_T7ﬁl) — D.
Denote
t1=inf{t € [to, 31) | (1) # ¢()}-
Note that ty < t; < (; and
p(t) = @(t), Vtelto—r,ti]
or ©y, = ¢y,. Since (t1, 4, ) € [to, f1) X Qp, there exist numbers a > 0 and b > 0 such that the set
Q - {(t,X> €Jx QD | te [thtl +a’]7 X € QD7 H X — ¥y HTS b}

is a subset of [tg, 3) X Qp and F is Lipschitzian on Q (with the Lipschitz constant L).
By the previous lemma, there exists 6 > 0 (§ < a) such that (t,¢;) € Q and (¢,¢;) € Q for all
t € [t1,t1 + ). Since p(t) and (t), Vit € [to, f1) are solutions of system (5.2), we have

[o(t) = (0] < Ilto) = Glta)| + [ [¢(9) = F) ds = [ 1/(5)  &(s)| ds =

/t |F(s,s) — F(s,¢5)| ds.

t1
Ifte [tl,tl + 5), then

t
o) = eI < [ Ll =gl ds.
1
Therefore, if Vt € [t1,t; + §), then
t
I lh= s lpt+a)—g(t+o) = s fp(t+o)—glt+o)l < [ Lllg,—p, s ds.
o€[—r,0] o€[-r0], o>t1—t i1

From this it follows that || ¢; — @; ||,= 0 for any ¢ € [t1,t1 + 0) or p(t) = H(t) for any t € [t1,t; + 9).
This contradicts to the definition of ¢;. O
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5.3 Existence theorem

Here we denote J = [ty — r, ().

Theorem 5.2. Let the functional F : [to, ) x Qp — R™ satisfy continuity condition with
respect to t in [to, 5) and let it be locally Lipschitzian. Then the initial value problem (5.2), (5.3)
with v € Qp has an unique solution on [ty — r,to + A), for some A > 0.

Proof.

Since (tg,®) € J x Qp and the functional F : [tg, 5) x Qp — R™ is a locally Lipschitzian (with
the constant L), there are constants a > 0 and b > 0 that F' is Lipschitzian on the subset

Q={(t,x)€JxQp| telto—ato+alNJ, x€Qp, | x—2|,<b}
Define a continuous function ¢°(¢) on J = [tq — r, 3] by

0 ) Wt —to), VteE[to—rto,
w(”‘{w(ox vt € [to, ).

The function F(t,?) continuously depends on ¢, hence there exists some constant B; that
|F(t7d}?)| < B17 vt € [t()at(] + CL].
Let B = Lb+ B;. There exists a constant a; € (0, a] such that Vt € [to, tg + a1]:

160 = llo=l 0 42, < b.

Choose A > ( such that
A < min(a,b/B).

Remained part of the proof is the same as the proof of the Picard theorem.
Let U be the set of functions {x(t) € C(J;)} with the norm

[ x = max(e™=lx(#)),

where J; = [tg — r,to + A]. This norm is equivalent to the uniform norm on the space of continuous
functions C'(J;):
X ll= max [x(#)]-

Therefore (U, || - ||) is a Banach space.
Define the closed set M by

M={x(t) €U | x(t) =t —to), Vt € [to —7,t0], [x(t) —¥(0)| <b, VtE [to,to + AJ}
Note that if y € M and t € [tg, to + AJ, then || x; — Y ||,< b. Therefore (t,y;) € Q and
[F(t, x| < [F(txe) = F(tL ) + [F ) < Ll — ¥ |l +Br < B.
For each x € M define a mapping T'x by

et —to), Vt € [to — 7, o),
Tx(t) = { ¥(0) _1_01‘;; F(s,xs) ds, Vte [tg,to + OA]

Since |F(s, xs)| < B, there is

|TX(t) — 1/1(0)| < BA<LbH, Vte [to,to + A]



5.3. EXISTENCE THEOREM 83

Also T'x(t) is continuous. Thus T'x(t) € M and we can conclude that T': M — M.
For proving the theorem it is remained to prove that 7' : M — M is a contraction. In order to
do it we need to find a constant ¢ that 0 < ¢ < 1 and Vx!(¢t) € M, x*(t) € M we have
ITx =Tx* I<qllx' =" II-
Since (t,x;) € Q, (t,x?) € Q for all t € [ty,to + A), we have that

t
THITONTX () = TX(0)] < 707 || (s, x0) = F(s,x3)| ds < Le™™ “’)/t Ixs = X5 e ds =
0 0

t
— [e—L(t—to) max e Mot Llsmtota) |\ (g 4 o) — 2 (s0)| ds <
to o€[—r,0]
t
< Le Lti—to) [ oLis—to) max ¢ Tt s+ 0) = X (s +0)] ds <
oel—r

=~ "
< LG_L(t_tO) /t GL(S_tO) || Xl _ XQ || ds = Le—L(t—to) || Xl o XQ || / L(s—to ds =
to

to
= 1= I =X IS A=) I = X2l VEE [to, o+ A).
Because Tx'(t) = T'x*(t) for t € [ty — 1, to], then we obtained that

[ Tx' =Tx* I<q |l x' =X |

Thus, we have constructed a contraction operator

with the constant 0 < ¢ = 1 — e 2 < 1.
T : M — M with the closed set M C U, where U is a Banach space.

From the contraction principle we can conclude that there exists x(t) € M such that

Y(0) + [y F(s,xs) ds, Vt€ [to,to+ Al

X(t) — { w(t_tO)a Vt € [to—’f’,to],

(I
The following definitions and theorems are like their counterparts for ordinary differential equa-

tions.
) [to — 7, B2) both be solutions of problem

Definition 5.7. Let ¢(t) on [to —r,41) and ¢(t) on [t
(5.2), (5.3). If B2 > [y, then the solution ¢(t) is called an extension of ¢(t) to [to—r, B2). A solution

o(t) of (5.2), (5.3) is nonextendable if it has no extension.
Theorem 5.3. Let F': [ty, ) x Qp — R™ satisfy the continuity condition, and let it be locally
Lipschitzian. Then for each 1 € Qp, problem (5.2), (5.3) has an unique nonextendable solution.

Exercise 5.2. Prove the theorem.
Lemma 5.2. Let ¢(t) be a differentiable function on the bounded open interval (o, 3) with

&'t < B, te(af).

Then there exist lim o(t) and }H% o(t).

Exercise 5.3. Prove the lemma.
The theorem that describes a behavior of nonextendable solution ¢(t), t € [to —r, 51) at the end

t = (3 requires additional hypothesis.
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Definition 5.8. The functional F : [ty, 3) x Qp — R™ is said to be a quasi-bounded if F is
bounded on every set of the form [to, £1) X Qa where to < B1 < B and A is a closed bounded subset
of D.

Because for delay equations we have not proven theorem of continuity with respect to initial
values, we can prove less than it was proven for ordinary differential equations.

Theorem 5.4. (behavior of nonextendable solution at the end). If F : [ty,) x Qp — R™
satisfies the continuity condition, is locally Lipschitzian and quasi—-bounded. Then for each closed
bounded set A C D and any nonextendable solution ¢(t), t € [to — r, (1) with (1 < [ of problem
(5.2), (5.3) there exists t € (ty, 31) that ¢(t) ¢ A.

Proof.

Assume the opposite assertion that ¢(t) € A, Vit € [tg, 51).

Because F is a quasi-bounded and ¢(t) € AU Ay, Vt € [tg —r, £1), then there is a constat B that

|F(t790t)’ S B? Vi € [t07ﬁl)'

This gives that
' (t)] < B, Vt € [to, Br).

Hence, from the lemma we get that there exists

lim p(t) = p..

t—51

Note that ¢, € A.

Let us extend the definition of the p(t) to a continuous function on the closed interval [to — 7, 3]
by setting ¢(81) = @«. Then from the continuity condition it follows that F'(¢, ;) is continuous
function on the interval [ty — r, 51]. Thus the equation (5.2) extends to include the point ¢ = 3y, i.e.,

(t) — { ¢<t - tO)? vt € [tO -, to],

v W(0) + fL F(s, ) ds, Vi € [to, Bi]:

Applying the existence theorem to the initial value problem
{ Z2=F(t, z) (5.4)
21 = P

we conclude that this new problem has a solution z(¢) on the interval [3; —r, 8; + A) for some A > 0.

Thus
A1) = { o(t), Vt € [B1 —r, (1],
o(B1) + fél F(s,zs) ds, Vt e [p1,01+ A).

If we define z(t) for ¢ € [to — r, 81 — r] as z(t) = ¢(t), then

1/J(t—t0), Vt € [to—’l“,to],
Z<t) = { QZJ(O) + ftto F(Sv (ps) d57 vt € [thﬁ1>a
o(to) + ft’gl F(s,zs) ds + f§1 F(s,zs) ds, Vte [pf,01+A).

. w<t—t0), Vte [to—'f’,to],
B ¢(O) +fti) F<3>308) dS, Vt € [t()aﬂl + A)

This gives that z(t), ¢ € [to, 51 + A) is an extension of the solution ¢(t), t € [to, £1). It contradicts
that the solution p(t), t € [to, 51) is nonextendable. O



