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Chapter 1

Inroduction

1.1 Continuum theory

Matter is formed of molecules which in turn consist of atoms and sub-atomic particles. Thus matter
is not continuous. However, there are many aspects of everyday experience regarding the behaviors
of materials, such as the deflection of a structure under loads, the rate of discharge of water in a
pipe under a pressure gradient or the drag force experienced by a body moving in the air etc., which
can be described and predicted with theories that pay no attention to the molecular structure of
materials. The theory which aims at describing relationships between gross phenomena, neglecting
the structure of material on a smaller scale, is known as continuum theory. The continuum
theory regards matter as indefinitely divisible. Thus, within this theory, one accepts the idea
of an infinitesimal volume of materials referred to as a particle in the continuum, and in every
neighborhood of a particle there are always neighbor particles. Whether the continuum theory
is justified or not depends on the given situation; for example, while the continuum approach
adequately describes the behavior of real materials in many circumstances, it does not yield
results that are in accord with experimental observations in the propagation of waves of extremely
small wavelength. On the other hand, a rarefied gas may be adequately described by a continuum
in certain circumstances. At any case, it is misleading to justify the continuum approach on the
basis of the number of molecules in a given volume. After all, an infinitesimal volume in the limit
contains no molecules at all. Neither is it necessary to infer that quantities occurring in continuum
theory must be interpreted as certain particular statistical averages. In fact, it has been known
that the same continuum equation can be arrived at by different hypothesis about the molecular
structure and definitions of gross variables. While molecular-statistical theory, whenever available,
does enhance the understanding of the continuum theory, the point to be made is simply that
whether the continuum theory is justified in a given situation is a matter of experimental test, not
of philosophy. Suffice it to say that more than a hundred years of experience have justified such
a theory in a wide variety of situations.

1.2 Continuum Mechanics

The analysis of the kinematic and mechanical behavior of materials modeled on the continuum
assumption is what we know as continuum mechanics. There are two main themes into which the
topics of continuum mechanics are divided. In the first, emphasis is on the derivation of fundamen-
tal equations which are valid for all continuous media. These equations are based upon universal
laws of physics such as the conservation of mass and the principles of energy and momentum. In
the second, attention focuses on the development of constitutive equations which characterize the
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behavior of specific idealized materials, of which the perfectly elastic solid and the viscous fluid
are the best known examples. These equations provide the focal points for studies in elasticity,
plasticity, viscoelasticity, and fluid mechanics. Mathematically, the fundamental equations of con-
tinuum mechanics mentioned above may be developed in two separate but essentially equivalent
formulations. One, the integral or global form, derives from the basic principles applied to a finite
volume of the material. The other, a differential or field approach, leads to equations which result
from the basic principles applied to a very small (infinitesimal) element of volume. In practice,
it is often useful and convenient to deduce the field equations from their global counterparts. In
addition to the fundamental assumption of material continuity, we impose two further restrictions
on the bodies considered in this text. First, we require them to be homogeneous, that is, to
possess identical mechanical properties at all locations. And second, we consider in general only
those materials which are isotropic and which thereby have identical physical properties in every
direction at a given point. Anisotropic bodies will be mentioned only briefly. The continuum
assumption is the only one needed in the derivation of the general (field) equations. Those of
homogeneity and isotropy enter into the theory with the introduction of constitutive equations.
Boundary value problems in technical disciplines rooted in continuum theory are formulated in
terms of the basic field equations together with the appropriate constitutive equations and relevant
boundary conditions. Linear elasticity and classical fluid mechanics are the best known of these
disciplines, and an abbreviated discussion of these in the context of continuum mechanics is given
in this course.

1.3 Essential mathematics

1.3.1  Scalars, Vectors, and Tensors

LEARNING a discipline’s language is the first step a student takes towards becoming competent
in that discipline. The language of continuum mechanics is the algebra and calculus of tensors.
Here, tensors is the generic name for those mathematical entities which are used to represent the
important physical quantities of continuum mechanics. Only that category of tensors known as
Cartesian tensors is used in this text, and definitions of these will be given in the pages that
follow. The tensor equations used to develop the fundamental theory of continuum mechanics
may be written in either of two distinct notations the symbolic notation or the indices notation.
We shall make use of both notations, employing whichever is more convenient for the derivation
or analysis at hand, but taking care to establish the interrelationships between the two. As
it happens, a considerable variety of physical and geometrical quantities have important roles
in continuum mechanics, and fortunately, each of these may be represented by some form of
tensor. For example, such quantities as density and temperature may be specified completely by
giving their magnitude, that is, by stating a numerical value. These quantities are represented
mathematically by scalars, which are referred to as zeroth-order tensors. It should be emphasized
that scalars are not constants, but may actually be functions of position or time or both. Also,
the exact numerical value of a scalar will depend upon the units in which it is expressed. Thus
the temperature at a certain location may be given by either 68°F or 20°C. As a general rule,
lowercase Greek letters in italic print such as a, A, ), etc. will be used as symbols for scalars in
both the indicial and symbolic notations. Several physical quantities of mechanics such as force
and velocity require not only an assignment of magnitude, but also a specification of direction
for their complete characterization. As a trivial example, a 20 — N force acting vertically at a
point is substantially different than a 20 — N force acting horizontally at the point. Quantities
possessing such directional properties are represented by vectors, which are first-order tensors.
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Geometrically, vectors are displayed as arrows, having a definite length (the magnitude), a specified
orientation (the direction), and also a sense of action as indicated by the head and the tail of
the arrow. Certain quantities in mechanics which are not truly vectors are also portrayed by
arrows, for example, finite rotations. Consequently, in addition to the magnitude and direction
characterization, the complete definition of a vector requires the further statement that ”vectors
add (and subtract) in accordance with the triangle rule by which the arrow representing the vector
sum of two vectors extends from the tail of the first component arrow to the head of the second
when the component arrows are arranged ’head-to-tail.” 7 Although vectors are independent of
any particular coordinate system, it is often useful to define a vector in terms of its coordinate
components, and in this respect it is necessary to reference the vector to an appropriate set of axes.
In view of our restriction to Cartesian tensors, we limit ourselves to consideration of Cartesian
coordinate systems for designating the components of a vector. A significant number of physical
quantities having important status in continuum mechanics require mathematical entities of higher
order than vectors for their representation in the hierarchy of tensors. As we shall see, among
the best known of these are the stress tensor and the strain tensors. These particular tensors are
second-order tensors, said to have a rank of two. Third-order and fourth-order tensors are not
uncommon in continuum mechanics, but they are not nearly as plentiful as second-order tensors.
Henceforth, the unqualified use of the word tensor in this text means second-order tensor. With
only a few exceptions, primarily those which represent the stress and strain tensors, we shall
denote second-order tensors by upper-case Latin letters in bold-faced print, a typical example
being the tensor T'. Tensors, like vectors, are independent of any coordinate system, but just
as with vectors, when we wish to specify a tensor by its components we are obliged to refer to
a suitable set of reference axes. The precise definitions of tensors of various order will be given
subsequently in terms of the transformation properties of their components between two related
sets of Cartesian coordinate

1.3.2 Conventions

As mentioned in the introduction, all laws of continuum mechanics must be formulated in terms of
quantities that are independent of coordinates. It is the purpose of this chapter to introduce such
mathematical entities. We shall begin by introducing a short-hand notation - the indicial notation,
which will be followed by the concept of tensors introduced as a linear transformation. The
basic field operations needed for continuum formulations and their representations in curvilinear
coordinates are presented after that.

Summation Convent

Consider the sum
§=Qa1 %1+ A2 T2+ a3 T3+ "+ ap Ty

We can write the above equation in a compact form by using the summation sign:

n n
S = E a;-xr;, Or S= E Ay * T -
i=1 m=1

The index 7 or m in these equations is a dummy index in the sense that the sum is independent
of the letter used.

2. Consider the linear transformation of coordinates. Let a point P have coordinates
(x1,x9,...,x,). The new xll,x;, e ,:L‘;L coordinates of P may be expressed according the next



6 CHAPTER 1. INRODUCTION

equations
j=1

The suffix j appears twice in the sums on the right-hand sides and sum over all possible values
of 7. This situation occurs so frequently that it is convenient adopt convention which often avoids
the necessity of writing summation sing.

e SUMMATION CONVENTION. Whenever an index is repeated once, it is a dummy index
indicating a summation with the index running through the integers 1,2, ..., n.

This convention is known as Einstein’s summation convention. Using the summation conven-

tion equation (1.1) becomes simply
Z; :lij'l’j, (12)

7

For example:
@i = Qmm = Q11 + Q22 + a33

a;€; = aie1 + ageo + azes.
The summation convention obviously can be used to express a double sum, a triple sum. etc.
3
Z . Z Qi TiT <~ Qi T; T
i=1 j=1

When the summation convention is in use, care must be taken to avoid using any suffix more
than twice in the same equation.

Free indices

Consider the following system of three equation

!

Ty = Q1171 + G12T2 + a13%3
!

Ty = Q2177 + Q9292 + G233 . (13)
!

Tg = Q3171 + 3272 + A3373

Using the summation convention (1.3) can be written as

!

Ty = Q1mTm
!

Ty = AT, -
/

T3 = A3mTm

Which can be shortened into
! .
T, = QimTm, 1=1,2,3.

An index which appears only once in each term of an equation such as the index in eq. (1.4)
is called a ”free index”.
A further example is given by

e = Qmici, m=1,2,3

¢ =Quei,  1=1,2,3.

a; = b; is a meaningless equation,
But equation such as T;; = T}, have no meaning.
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Kronecker Delta

Kronecker delta is defined by
| 0, when ¢ # j,
%_{1wmn=$ (15)
That is,
011 = 022 = 033 = 1,
012 = 013 = 021 = g3 = 031 = 032 = 0.

In other words, the matrix of the Kronecker delta is the identity matrix, i.e.

011 O12 013 1 00
[0ij] = | 021 22 o3 | =10 1 0
031 032 Os3 001

We also will use the Kronecker delta with upper, down, and mixed suffix (upper and down)

0% =67 =&

-J

i = 011 + 022 + 033 = 3,
O1mUm = 01101 + 01202 + 1303 = ay
02mm = 021a1 + d22ap + da3a3 = ay
OimTmj = 0Ty + dieTa; + 0i3T5; = T
5im5mj = 61]

Manipulation with the Indicial Notation
Substitution
If a; = Uynb,, and b; = Vipe,,. In order to substitute the b;’s into a;’s we first change the free
index from 7 to m and dummy index m to some other letter, say n so that

bm = Vmn€n — a; = Uimvmnen-

Multiplication

If p=a,b,, and q = ¢,,d,, then pq = a,,b,,c.d,.
It is important to note that pq # @b Cmdo,.

Example 1. If @ = ;e and b = b;&; then the dot product of vectors @ and b is
—)
@b = (aie) - (beg) = aidy(er - €).
In particular, if €7, €5, €3 are unit vectors perpendicular to one another, then €; - e_j> = §;;, and
ﬁ
E) b = aibjéij = aibi = ijbj = albl + agbg + a3b3.

Factoring

If T;jn; — An; = 0 we can write n; = d;;n; and we will have

T,-jnj — Aéijnj =0 — (T‘z — )\5U)TL] = 0.
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Contraction

The operation of identifying two indices and so summing on them is known as contraction. For
example, Tj; is contraction of Tj;
Ty =T+ Tao + Ts.

1.3.3 Linear algebra
Basic definitions and examples

We consider a vector space V' over the field R, where R is a set of real numbers.
The operation of adding two vectors in V.
First, note that the result is again a vector in V.

VU, W € V= v+ W €V closure under addition (1.6)
(V' + W)+ 7 =7 + (W + 7) associative property (1.7)
T4+ W=uw+7T commutative property (1.8)

There is the vector 0 = (0,0,...,0) with the property

—

TH0=0+T="7 (1.9)

The vector 0 is called a zero vector (an additive identity).
Furthermore, given any vector @ € R", there is another vector (— '), so that

TH+(D)=(-)+T =0 (1.10)

The vector (— ') is called an additive inverse for o'

Any set V' with an operation + satisfying the five properties given (1.6-1.9) is called an Abelian
group.

Thus V is an abelian group under the operation of vector addition.

There is another operation in V | and that is the operation of multiplying a real number
(scalar) times a vector to get a new vector. Given a € R, v € V, then

av € R" — closure under scalar multiplication. (1.11)

This scalar multiplication obeys some properties:

a(bv') = b(aw’) associative property (1.12)

a(vV +w)=av +aw distributive property 1 (1.13)
(a+b)7 =av +bv distributive property 2 (1.14)
1-7 =7V, (1.15)

where 1 is the identity of scalar multiplication.

Definition 1.1. A set V that forms an Abelian group under + and has an operation of
multiplication on real number a by an element v € V to get another element a v € V satisfying
the properties (1.12)-(1.15) is called a vector space (over the real numbers).
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Basis
Definition 1.2. (linearly dependent) A set of n—th vectors ai, @y, . .., a, is said to be linearly
dependent if and only if there are n— real numbers (1, Ba, . .., Bn not all zero such that f;a; = 0.

Otherwise it is called linearly independent.
A vector space V is said to be of finite dimension or to be n-dimensional, written as dim'V = n,

if there exists a set of linearly independent vectors ey, €s, ..., €., which spans V.
Definition 1.3. (basis) Any set of linearly independent vectors e, e, . .., &, of n-dimensional

space is called a BASIS.
Confirmation of this definition is the foolowing theorem.

Theorem 1.1.

Let 'V be n-dimensional vector space. Then
(1) any set of n + 1 or more vectors is linearly dependent;
(11) any linearly independent set of vectors can be a part of a basis, i.e., can be extended to a basis;
(111) any linearly independent set of vectors composes a basis.

Theorem 1.2. The vectors v, vs,..., U, in a vector space V are linearly independent if
C1U1 + €203 + ..+ cuUy = 0 if and only if all ¢; = 0.

Example 2. (2,3,5),(1,4,2),(1,—-1,3) € R3.
We form the linear combination

¢1(2,3,5) + ¢5(1,4,2) + e5(1, —1,3) = (0,0,0).

c1-24co-1+c3-1 =0 2 1 0
01'3+CQ'4+03'—1 =0 = 3 4 — 0
c1-9+ce-24+c3-3 =0 5 2 0
or AT = 0, but det(A) = 0 we can find ¢ = (—1, 1, 1) such that -1-(2,3,5) +1-(1,4,2) +1-
(1,—1,3) = (0,0,0).
This vectors are linearly dependent.
(Algorithm for Independence). If vy, vs, ..., v, is a collection of vectors in R™ then they are
independent iff the matrix equation A€ = 0 has only trivial solution, where A is the matrix
whose j—th column vector is v_;

Example 3. p,=2-3 22, py=1+22—2%p3=1+z+2?

To check whether they are independent, we write ¢1p; + cops + ¢3p3 and solve for (1, co, ¢3)
c1(2 = 32%) + co(1 + 22 — 2%) + c3(1 + 2 + 2?) = 0.

Collecting terms gives

(201 + co + 63) + (262 + 03)$ + (—301 — Co + 63)332 =0

we have the matrix equation A€ = 0

2 1 1 21 1
A= 0 2 1 =02 1 ;det(A) #0
3 11 0 0 9/4

So that the only solution is ¢ = 0. Thus the three polynomials are independent.
Example 4. (basis) The four matrices

10 01 00 00

00 )’ 00 "\1 0 "\ 0 1
Form a basis for all 2 by 2 matrices

Example 5. The polynomials 1,x,--- 2" form a basis for the vector space P"(R, R) of
polynomials of degree less than or equal to n.
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Exercise 1.

For each part determine whether the given vectors are linearly independent

(a) (1, )@5®(1&%

(b) (2 ,1,4) (3,9,2),(3,6,2),(4,7,2)

(¢) (1,1,1), (1,1,0) (1,0,0)

(d) (1,5,2,7),(3,2,1,5),(3,2,1,1),(2,6,2,1)

We denote basis as {e;}7 or if the value n is known from text we will denote basis simply as

{ei}.

For instance: basis vectors e; = (1,0,...,0) , e; = (1,0,...,0), e = (1,0,...,0),...,¢1 =
(1,0,...,0) are form the basis of the n—dimensional vector space.

Remark 1.5. If we use notation Zl-j for matriz then upper index j s a number of row, and
the lower index i is a number of column.

COVARIANT and CONTRAVARIANT coordinates

Let {e;}} be a basis in V . We define the set of vectors {e'}} which satisfies the property:

(e’ e;) =05 (i,j=1,2,...,n)

Exercise 2. Prove that {e'}} is a basis.
The basis {e'}}, which corresponds to the basis {e;}7 is called a co-basis.

Exercise 3. Prove that if {e;} is an orthogonal basis, then the co-basis {e'} is also orthogo-
nal.

Ife! =¢;, i =1,2,....,n (if the basis {e;} coincides with its cobasis {e'}) in this case the basis
{e;} is orthonormal basis (orthobasis).

Remark 1.5. An orthonormal basis we will call an orthobasis.
Every element of vector spce p € V' has a unique expression as linear combination

p=pe, p=pe

Definition 1.4. The coordinates p; are called covariant cooordinates of p with respect to the
cobasis {e'}, the coordinates p' are called contravariant components of p with respect to the basis
{ei}.

Exercise 4.

(a) Show that the vectors (1,1,1),(1,1,0),(1,0,0) are basis of R>.

(b) Find the cobasis corresponding to a given basis.

(c) let p = (1,0,1) be a vector of R®. Find covariant and contravariant components of p with
respect to the basis and cobasis.

Let {e;} is the "old” basis and {e;} is the "new” one. We can write

e; = Alej; ¢l = Al
Definition 1.5. A matriz (A) = (A?) is called a transition matriz from the basis {e;} to the
basis {e;}.
Theorem 1.3. The matriz A = (Eg) is an inverse matriz of A (A= A1),
Proof. We have ¢; = Ale; and € = A_é»ej. We have to show (A)=(A"1!) or
A7 A =4,
el = Ag-ej



1.3.  ESSENTIAL MATHEMATICS 11

i Aipd s Aipd . AM _ AP Am,j . _ AL AMST — Ai AT Si
e’ e =Ale) e = Aled - Aley, = AJAT'E - ey = ALATO), = ALA) = 0

Example 6. Let {e;}} bee; = (1,—1,3), e, = (2,1,0), e; = (1,1,1) and {e;}} is standard
basis of R® e; = (1,0,0), e2 = (0,1,0), e3 = (0,0, 1).
Then A} is easy to find, since we can write

e = l-es—1-e2+3-¢€3 ' 1 -1 3
612: 2'61+1'€2—|—0'€3 :>(Ai): 2 2 0
es= l-e;+1-ey+1-e; 1 1 1

Example 7. Consider an arbitrary vector p having components p; and p'* in the basis {e;}
and {¢"} and p; and p’ in the basis {e;} and {e’}. Show that

p = Alp;, p'=Ap

Solution. o
p=pie’ =pAe,
p = pj€’,

'i ’

we can see that p; = p;A_; = Ajpi,
Alp; = A Aip; = 8ip; = b1, = 1 = Alp;.
We can use the same way to proof second equality.

Exercise 5. Prove that p* = Alpl.

Linear Transformations

Definition 1.6. A linear transformation L : R® — R™ s a function satisfying the property:
VA, i€ R and a,b € R"™ there is

L {Xa+ ub) = AL {a) + uL (b)

Example 8. A function L : R* — R™ is given by L(v) = AW (where A is a m by
n matrix and ¥ is being considered as a column vector) satisfies this property and so it is a linear
transformation.

A rotation by an angle 6 corresponds to the multiplication by the matrix

cosf —sinf
sinf cos6 '

A set of all linear transformations L : R" — R™ is Euclidean space. We will use a notation
L(R", R™) for this set.
In the case L(R™, R™) it will be used the notation L£(R").

Definition 1.7. A linear transformation L : V. — W is called an isomorphism if it is
one-to-one transformation V- on W. The vector spaces V and W are called ISOMORPHIC.

Proposition.

If V and W are finite dimensional vector spaces, then they are isomorphic iff they have the
same dimension.
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Linear transformation and matrices

There is a close relation between linear transformations £(R", R™) and m by n matrices.
Let we have a linear mapping L : R" — R™ and {e;}} € R", {f;}1* € R™ be bases of R"
and R™. respectively. Then
Liej) = L:f;, (j=1,2,...,n) (1.16)

Definition 1.8. A matriz L = (L) whose entries L} satisfy (1.16) is called the matriz
that represents L with respect to the bases {e;} and {f;} (or matriz of the linear mapping L with
respect to the bases {e;} and {f;} ).

If {e;} € R" and {fj'} € R™ are other bases. Let (L) = (L;’) is the matrix of the same linear
transformation L . Then we have

/

(L)(A) = (B)(L),
where (A) = (A}) and (B) = (Bj) are the transition matrices
e;=Ale,;  f;=Bif.
In fact, we have N
Lier) = L} fs, L<€;> = Lijfjl'a
L{Ajer) = Lie;) = L f; = L7 B f,
L{Ajer) = AjL(e) = ATL} [,

and we can see that

!

AL = LB}, or (L)(A) = (B)(L)
COMPOSITION of linear transformations K o L where L : R* — R™ is defined by the rule

Ko L{a) =K {(L{a))

then (KoL) = (Kij) with respect to the same bases.
The case m = n. We say that a linear transformation L € £(R") is non-singular if det(L) # 0.
Let a linear map L : R* — R™ be non-singular, then there is the inverse mapping L.

If (L) = (I7) and (K) = (K ) are matrices of L and K with respect to corresponding bases,

Definition 1.9. Let L : R* — R"™ be a linear transformation. An eigenvalue of L is a
number X € R such that there is a nonzero vector € € R™ with L (€) = \e€. Such vector € is
called an eigenvector of L associated with this eigenvalue.

How can the eigenvalues and eigenvectors for L be found? In many cases these can be found
via geometric descriptions of L.

Example 9. Consider the reflection to the plane z +y + 2z = 0 in R%. Any vector in the
plane is mapped to itself. Thus vectors in the plane are eigenvectors for the eigenvalue 1. The
basis (1,—1,0), (1,0,—1) of the plane gives two eigenvectors for the eigenvalue 1. The normal
vector (1,1,1) to the plane is transformed to its negative via reflection, so it is an eigenvector for
the eigenvalue —1.

We now show that the eigenvalues of L are the same as the eigenvalues of the corresponding
matrix.

We define the characteristic polynomial of L to be the characteristic polynomial of a matrix
(L), which represents L.

Firstly we prove, that if A is eigenvalue of map L then X is eigenvalue of matrix (L). If A is
an eigenvalue of L with corresponding eigenvector @ and we choose ¥ to be a first vector in the
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basis of R™. Then the matrix (L), which represents L with respect to this basis has in the first
column and in the first row only one element A, because L (v') = A@'. It means that X is one of
the eigenvalues of the matrix (L).

Conversely, if A is an eigenvalue of matrix (L), it means that there is vector-column w € R"
with property Lz w; = Aw;. Let us consider vector W = w;e’, where {e'} is a basis in R". Then

L(W) = L{w;e’y =w;L () = w;Lle' = Llwje' = Awe’ = M.
Therefore, eigenvalues of L are precisely the roots of the Characteristic polynomial of L
det(L— X)) =0
where [ is the unit matrix. For the case n = 3 a characteristic polynomial has the form
AN — IN A+ A= J3=0

where Jj, are invariants of the transformation L ((L) is a matrix of the mapping L).
These invariants have special names
trace L: J; =tr(L) = L1 + L3+ L3 = L¢ (or sp(L) from German "Spur”).
the second invariant:

0o
Ll L2

Ly Lg

L2 12
Jo = Jo(L) = 2 3’.
2 2() ’ L‘;’ Lg

M ML% L3

1 | P
Jo(L) = 5(WL — trL?) = §(LiL; — L'LY)
the third invariant:
LIl

J3(L) =det(L) =det| L? L3 L3
L3 L3 13

Jy(L) = é [4r3(L) — 3tr (L) tr (L)® + 2tr (L)°]

We note that, in terms of eigenvalues of L, which are roots of the characteristic equation, the
invariants take the simplest form

Ji =AM+ X+ Az, Jo = Mg + Aoz + Az,
J3 - /\1/\2)\3.

The Hamilton-Kelly identity is
L — ZhL?+ L — J3 I =0

Let L € L(R") be a linear transformation and (L) = (L}) be a representation of L in some
basis. Note that the numbers J; and det ((L)) do not depend on the basis. Therefore one can
define the functions from the set of linear transformations £(R") into R:

tr L= L. detL =det ((L)).
Some properties of the invariants

tr(K + L) =tr(K) +tr(L),
det(K o L) = det(K) - det(L)
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The case m = 1.

A linear transformation ® : R® — R is called a linear form defined on the space R™. The
space L(R™; R) is called conjugate to the space R" and we use the notation R™.

There exists a metrical isomorphism « : R™ < R™, which determines a one-to-one correspon-
dence between vectors b € R" and linear forms: a linear form is given by the formula

k(b)) <a>=a-b

Theorem 1.4. For any linear form ® : R® — R there exists unique vector by such that

bd<a>=bp-a

Bilinear forms

A function ® : R* x R® — R is called a bilinear form over R" space if for all A\,u € R and
a,b,ce R"
® (\a + pb,c) = AP (a, c) + pu® (b, c)
D (a, \b+ pc) = A\ (a,b) + pu® (a, c)
If & (a,b) = @ (b,a), then this form is called a symmetric form.
A bilinear form g determined by the formula

gla,by =a-b

is called a fundamental form of R"™ space.
Example 10. If L € L(R"), then the function ® (a,b) = a - L (b) is a bilinear form.

Theorem 1.5. For any bilinear form ® over R™ there exists unique linear transformation

L € L(R") such that
d<a,b>=a-L<b>.

Exercise 6. Prove the theorem.

The theorem establishes isomorphism between the set of bilinear forms ® over R"™ and the
space of linear transformations L € £L(R"). For instance, the fundamental form g corresponds to
the identical transformation.

Let us consider a linear transformation L € £L(R™). ®. The form ®* defined by the formula

" <ab>=b-L<a>
is a bilinear form. According to the theorem there exists the linear transformation L* such that
" <a,b>=a-L"<b>.

Hence,
a-L"<b>=0"<a,b>=b-L<a>.

Therefore, for any linear transformation L € L(R") there exists unique linear transformation
L* € L(R") that
a-L*<b>=b-L<a>.
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The linear transformation L* is called conjugate to a linear transformation L.
In the same orthonormal basis {e;} the matrix of (L*) is a transpose matrix of the matrix (L).
Properties of *:

(L+N)*=L"+N*, (LoN)*=N"oL* tr(L)=tr(L*), tr(LoN)=tr(NolL),

tr(K*oL)=tr(KoL") =Y K/L,

where (K) = (K3) and (L) = (L]).

Definition 1.10. A trace of composition of K and L* (or K* and L) is called a dot product
(or a scalar product) of the transformations K and L. We use the notation

K:L=tr(K*oL)=tr(KolL").

Note that
K:L=L:K

Symmetry

Definition 1.11. A linear transformation L s called a symmetric linear transformation if
L* = L and antisymmetric (or skew-symmetric) if L* = —L.

The set of symmetrical linear transformations we denote by L¢(R™).

If L is a linear mapping, then we can write L = Ly + L,, where

1 1
Lo=g(L+ L), L= (L—L").

Here L, is symmetric and L, is antisymmetric. This representation of L through symmetric and
antisymmetric transformations is unique. If £,(R") is the set of symmetric transformations and
L,(R") is the set of antisymmetric transformations, then they are linear subspaces of £(R") and

L(R") = La(R") © L(R")

e All eigenvalues of symmetric linear transformations are real. Non-zero eigenvalues of anti-
symmetric linear transformations are purely imaginary.

o If L is a symmetric linear transformation, then there is an orthobasis in R™ for which the
matrix (L) is diagonal.

Let an antisymmetric linear transformation A € £,(R?) have the following matrix with respect
to some orthonormal basis {e;}

0 —d® a2
(A)=1| a 0 —d!
—a? al 0

One can obtain the vector @ = a’e;. Assume that {e/} is another orthonormal basis {e;} and the

matrix representation of the antisymmetric transformation A in this basis is (A)". For this matrix
—

one finds the vector @’ = a ¢}

Exercise 7. Prove that @' = a.



16 CHAPTER 1. INRODUCTION

Hint. The transition matrix T from an orthonormal basis to another orthonormal basis is

orthogonal:
Tl =T

Therefore we constructed one-to-one mapping from £,(R*) onto R3. For this mapping one can
determine the inverse linear transformation E : R?* — L,(R?), which acts according to

E(d) = A.

Exercise 8. Prove that E is an isomorphism.
Note that
(E<a>)<b>=—-(E<b>)<a>=(E"<b>)<a>.

Definition 1.12. A cross or vector product of two vectors uw and v, denoted by w X U is
a vector quantity. A direction of w X v is the direction of the extended thumb when the fingers of
the right hand are closed from u to v (origins coinciding) through the smallest possible angle 0
(0 <0 <m). The magnitude of u x T is defined by

|7 x T | =wuvsinf

(The magnitude of w X U is the area of the parallelogram determined by u and v).

Definition 1.13. A wector product of a vector @ = (ay, ay,as) with a vector b = (by, by, b3)
defined as a new vector

@ x b= (ashs — azba, azhy — aibs, arby — azby),

where a;, b; are components with respect to an orthobasis.

Definition 1.14. One can verify that

2 2 @B
axb=1|a ay as
by by b3

It is easy to verify the following rules governing these products

UXTV=—V XU,
uX (U4+W)=uX0+7u X w;
u X u=0;

uxv=0<« uis either parallel to v oru=0or v =0.

The product (u x v) - w is called the box or triple scalar product.

Its geometrical interpretation depends on its sign:

(a) If (w x T) -w > 0, then (u X ¥) - w is the volume of the parallelepiped defined by u, v, w.
In this case we say that w, v, w form a right-handed triad of vectors.
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(b) If (wxv)-w <0, then (ux v)-w is the negative of the volume of the parallelepiped
u, v, w. u

whose sides are U, In this case u, v, w form a left-handed triad.
(¢) If (ux7w)-w =0, the vectors @, v, w are coplanar (parallel to the same plane).
It follows from the geometrical interpretation that

(uxv)-w=1u-(vxw).

The product (u x v) x w is called a triple vector product. In general, the triple vector product
is not associative:

(uxv)xw #£u X (v xwW).

The vector product (@ x ¥) x w of three or more vectors can be reduced to simpler products
with the aid of the identity

(@xb) xc=>b@-c)—c@-b).
This is known as ” back cab’ rule.

Example 11. Let A be any symmetric n X n matrix. Then we can define a symmetric
bilinear form B4 : R x R® — R

Ba(7,y) ="7"AY

Here 7 and ¥ are considered as column-vectors.
Symmetry is derived from the fact that A = A*:

BAY . T) = T'AT = TAT = AT = BA(T. 7).

Definition 1.16. A linear transformation O € L(R™) is called an orthogonal transformation
if it satisfies
OoO" =1.

For the orthogonal transformations it is fair the formulae
O* =07, det([0]) = £1.

Any composition of two orthogonal transformations is orthogonal.

Definition 1.17. A linear transformation A is called an equivalent transformation to A if
there exists an orthogonal transformation O such that

A=00A00O*

Let a function f : L,(R") — Ls(R") be a function, which maps a linear symmetric transfor-
mation into a linear symmetric transformation.

Definition 1.18. A mapping f : Li(R") — Ls(R") is called an invariant mapping with
respect to orthogonal transformations if for any orthogonal transformation O there is

f(00A00%) =00 f(A)0O".

In continuum mechanics such functions are called isotropic functions.
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Theorem 1.6. All continuous isotropic functions f : Li(R"™) — Ls(R"™) have the represen-
tation

n—1
FA) = orAr,
k=0

where the coefficients @y are scalar functions only invariants of a linear transformation A.
Proof. We will prove this theorem for n = 3.
We choose orthogonal basis {e;} and we consider all linear transformations in this basis. Let
A be a symmetrical linear transformation. Because the matrix A is a symmetrical matrix, there
exists an orthogonal matrix O such that

. aq 0 0
A=00A0cO" = 0 a 0 |,
0 0 as

where a; (i = 1,2, 3) are eigenvalues of the matrix A.
We show that the matrix B = O o f(A4) o O* = f(A) is also a diagonal matrix.
In fact, let the matrix B has the representation

B bir bz bis
B = by by by
bs1 bs2 b33

We take the orthogonal matrix

1 0 0
Oo=10 -1 0
0 0 -1

Then by virtue of that O;0 is an orthogonal matrix, we obtain
01807 = 0:(0f(A)0")07 = f(O10A(0: 0)) = f(O,A0}).
But O, AO0; = A, and

o bii —biz —bus L
O1BOT = | —by by by | =f(A) =B
_b31 b32 b33

We obtained b12 = b13 = 0. Slmllarly, we find that 623 = b32 =0 and b” = fz'<(l1, a9, CL3). If we take
the orthogonal transformation

010
O,=1 100 |,
0 01
then
b22 0 0 a9 0 0
OQEO; = 0 b11 0 = f(OQZO;) = f 0 ay 0
0 0 b33 0 0 as

This means

f1(a2,al,a3) = fQ(a17a2aa3)7 f2(a27al,a3) = fl(@1,a2>a3)7 f3(a27a1,a3) = f3(a17a2,a3)-

We will consider some cases.
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19. Assume that (a1 —as)(ag —asz)(az —ay) # 0. Let us consider the linear system of equations
by = a+ Ba; +val (i=1,2,3)

with respect to a, 3,7. The determinant of this system is (Gramma’s determinant)

1 a a?
A = det 1 (05} CL% = (a1 — (IQ)( Ao — CL3)<(13 — (11) 7é 0.
1 a3 a3
Because A # 0, then
1 b11 aq af 1 1 b11 CL% 1 1 aq b11
o = Z det b22 (05} a% ,ﬁ = Zdet 1 b22 CL% , Y = Zdet 1 a9 b22
b33 as CL% 1 b33 (Z% 1 as b33

The functions o = «af(ay,as,as3), 8 = B(ai,as,a3),y = (a1, as,as) have property that they are

unaltered by interchanges of pairs of ay, as, as. In fact, for example, A’ = —A,
filaz,ar,a3) az a; folar, as,a3) az a;
a(ag,al,ag) = Edet fg(az,al,ag) aq CL% = —Z det f1<CL1,CLQ,CL3) aq OJ% = a(al,ag,ag).

f3(a2,a1,a3) as a% f3(a17a2,a3) as a%

Definition 1.19. Any function f(x1,xo,x3) whose value is unaltered by interchanges of pairs
of x1,x9, w3 s said to be symmetrical in xq,xs, T3.

Theorem 1.7. A continuous symmetrical function can be expressed as a function of the
invariants f(xy,x9, x3) = g(J1, J2, J3), where J| = x1 + x9 + x3, Jo = T129 + Tox3 + x371, J3 =
T1T9T3.

Hence,

a = a(Ji(4), J2(A), J3(A)), B = B(Ji1(A), 2(A), Js(A)), v = v(J1(A), J2(A), J3(A))
and B = ol + fA+~A°. But B = 0o B o0, thus
B=0"0BoO=al+80"0cA00+~0*0A 00 = al + fA + yA%.
20, Let a; = ay # as, then fo(ai, as,a3) = fi(a1, as, a3) and we consider the equations
by = a+ PBa; +~0 (i =1,3)

By virtue of a; # as, we have

o= 1 det(bn C11)752533—511'
b33

as — ap as asz — ax

The functions a = «a(ay, as, a3), 5 = B(ai, az, az) are again symmetrical functions of ay, as, az, and
they are functions of invariants

a = a(Ji(A4), 1(A), J5(A)), 8= B(N(A), ](A), J3(A)).
In this case we have B = ol + SA. Hence, we get
B=0"0BoO=al+p0 0Ac0 =al + A
3% Let a; = ag = ag, then by; = byy = b3 and we consider the equation
b1 = a.
The function « is a symmetrical function of a1, as, ag, therefore a = a(J;(A), J2(A), J3(A)) and

B=0"0oBoO =al.
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Multilinear transformations

Definition 1.20. A transformation v : R" X ... x R" — R™ is said to be r—multilinear (or
—_—

simply multilinear) if it is linear in each variable.
For multilinear transformation v : R" X ... x R — R™ we write
—_——

(a1,az,...,a,) — u{ay,as,...,a,) € R™,

where a; € R".
A linear transformation (r = 1) is a particular case of multilinear transformation. Bilinear
forms (r = 2; m = 1) are also particular cases of multilinear transformations.

Definition 1.21. A multilinear transformation with values in R (m = 1) is called a multi-
linear form defined in R".

1.4 Tensors

Definition 1.22. A multilinear (r-linear) form ® defined in R" is called a tensor. The number
r >0 s called an order of the tensor ®.

Let {e;} be a basis and {e'} be the cobasis in R". The numbers ® (ay,as,...,a,) are called
components of the tensor @ of order r in the basis {e;} or {¢'}, where the vectors a,, (s =1,...,7)
are from the basis or cobasis. If all a, belong to the basis {e;}, then the components of the tensor
® are called covariant components:

®i1,i2,--~7ir = <ei17 €igy v - - >€ir> :
If all a, belong to cobasis {e'}
(thk%m,kr — O <6k1, ekz7 e 6kr> 7

then they are contravariant components of ®. All other types of components are called mixed
components of ®. Mixed components of ® are called p times covariant and ¢ times contravariant
if we use p vectors from the basis and ¢ vectors from the cobasis.

A tensor of order r has only 2" different types of components. The number of components of
each type is equal to n".

Change of tensor components

The formulae for changing tensor components are obtained from the properties of linear forms.
Let A and A be transition matrices

I AT Y Y
e; = Ajej; e = A€l

Covariant components of a tensor are changed by the rule

, . .
o = — & . . . A Jr
CDle,m,Zr q)i17i2,...,i7» - ®J1,J27--~7JrAi1 c 'AiT'

Contravariant components are changed by the rule

| ke _ @ivizeein T T
DF1hr @Rtk — @ivizein 4R

11 i "
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Changed mixed components ("new”) are a product of "old” components and the elements of A
for all covariant indices (upper indices) and elements of the matrix A for all contravariant indices
(lower indices), for example:

181,82, 0a R J15J2,--da AL 'a_ja+1 —Jr
o' = Qi AL AR A A

Lo 1seeeylr Jat1seedr latl

This rule shows us that if components of a tensor are known in one basis, then they are known in
any basis. It means that tensor is determined by the set of its coordinates in some basis.
This property can be considered as a definition of a tensor.

Definition 1.23. A tensor of order r is a set of n” numbers, which obey to the rule of
changing components as defined above.

Particular cases.

A tensor of zeroth order has only one invariant scalar component and it is usually referred to
a scalar.

A tensor of first order can be considered as a vector. As was proven there is isomorphism
between linear forms over R™ and the vector space R".

A tensor of second order has four different types of components. Each of its has n” components.
As it has been proven, there is a one-to-one correspondence between bilinear forms and linear
transformations

d<a,b>=a-L<b>.

Therefore there is an isomorphism between second order tensors and linear transformations.

Fundamental tensor

Definition 1.24. A tensor of second order g determined by the fundamental form g {(a,b) = a-b
18 called a fundamental tensor.
It is obvious that (¢”/) = (g;;)~'. Another essential property of the fundamental tensor is its
symmetry
9ij = YGji, g7 =g
It can be shown that
e =g, e = gye
Proof.
Let €' = Te;, then

gik _ g<€i76k> — ol ok — Tijej ek — Tz‘j(;;c _ ik

Exercise 9. Prove that e; = g;;e’.

In the Euclidean space R™ covariant and contravariant components of a tensor are not com-
pletely independent. Each set of covariant components gives raise to a set of contravariant com-
ponents and conversely. In the terminology usually applied in tensor analysis g;i, ¢** are used: to
lower and to raise indices, respectively.

For example: (r =1, vector).

If @ = a;e’ = alej, then

a;et = ai(gijej) = a,;gijej = ajej.
Hence,
ol = aigij a; = akgik-
If r = 3 (third order tensor), then
ok = @ijsgks, CI%f = @qugipgjq.

ij.
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Raising and lowering indices

The effect of multiplying tensor components by g** (or g;s) and summing w.r.t. k is raising (or
lowering) indices.

Exercise 10. Prove that: .
(a) T5 = g" Ty, (b) T = g* T},
(b) Tij = gaT,  (c) Tiy =7 T*.

Exercise 11. Show that the following relations for tensor components are equivalent:
(CL) Sz‘j = Sji & Sk = Gk o Sng = Snm,

(b) a;j = —a;; < ' = —d* & o™ = —a™.

Exercise 12. IfT is a second order tensor and T,»jvivj = 0 for all vectors v, thenT;; = —T};.

1.4.1 Fundamental operations with tensor coordinates

1. Summation. A summation of two or more multilinear forms is a multilinear form. In coordi-
nates, for example, for third order tensors A and B, the coordinates of the sum are

C;’f‘p = A'q’f‘p + Bé’flp.

Converserly, it is easy to prove that a sum of coordinates of two (or more) tensors of the same
type composes a tensor.

2. Subtraction (similar).

3. Outer Multiplication. A product of tensor components A and B is a tensor whose order is
a sum of the order of the given tensors and its coordinates are defined by

.pr M. __ Y.prm.
Aq.. B.s - Cq...s

The tensor C' is called an outer product of A and B (C' is also called a Kronekker product).
Note that not every tensor can be written as a product of two tensors of lower orders.

Contraction

If one contravariant and one covariant indices of tensor components are the same, then it means
summation w.r.t. this index. The result of the summation is a tensor of order on two less than the
original tensor. This process of summation is called a contraction. For example: let ®™*" - be a
tensor of order 5, then we obtain W7, = ®™?P". - are components of a tensor of third order. Setting
p = q one obtains C"™ = U™?. components of a first order tensor. Coordinateless representation
of the contraction can be given by the following:

U {a,b,c) = <a, b, el e, ei> = <a,b, €i, C, ei> )

Note that this process does not depend on a basis.

Inner multiplication

By the process of outer multiplication of two tensors followed by a contraction we obtain a new
tensor called an inner product of the given tensors. This process is called an inner multipli-
cation.

For example, for given tensors with components A"? and B; the outer product has the
components AP B";. Letting ¢ = r we get the inner product A" B’;. Letting ¢ = r and
p = s, we obtain another inner product A" B";. Inner and outer multiplication of tensors is
commutative and associative.
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Quotient law

Let B be a mathematical or physical quantity, which is represented in a basis {e;} by an order set
of n? scalars B;j. Assume that if the basis {e;} is Changed then the scalars B;; are changed such
way that for all vectors ¥ = v%e, the scalars u; = B;;v? are components of the vector . Then
B is a second order tensor.
Proof. Let us consider
u; = Bjv), (i=1,...,n),

where v/ and u; are contravariant and covariant components of vectors. It means that in the new
system of coordinates {e;} we have

, . .
u, = uiA; = BHUZA;
and

o ’ "k /—]cl
u, = Byv" = B, Awv

D
where A and A are transition matrices. Hence,

(BﬂAZ B A vt =0
for any vector v. Therefore
ByAl — B A =0
Thus, after multipling on Aé we get
r_ i gl
B,; = By A, Aj.
It means that B;; are covariant tensor components: they are changed according to the law required
for second order tensor components.
The result just proven extends to tensors of higher order and is usually called the quotient

rule: suppose that it is not known whether a quantity X is a tensor or not. If an inner product
of X with an arbitrary tensor is a tensor, then X is also a tensor.

1.4.2 Dyadic Product of two vectors (®)

— —
A dyadic product of vectors @ and b denoted by @ ® b is defined as a transformation, which
transforms an arbitrary vector ¢ according to the rule:

(@®D)<c>=a(b,7)
From the definition one obtains that dyad is a linear transformation
ARb< cu+r>=ca®b<u>+pLab<T>.
A pair ‘@ ® b is called a dyad or direct product of vectors @ and b. The tensor, which
corresponds to the dyad is also called a dyad. Because for the dyadic tensor
O <c,d>=(c,(axb) <d>)=(c,a)bd),
then coordinates of the dayadic tensor are

q)ij = aib-

js
where a = a;e’, b = b;e'.

Example 12. Let € be an arbitrary unit vector. We can form the dyad e ® e. The
transformation € ® € maps any vector T into its vector projection on e: €(e-v).

The linear transformation P = € ® € corresponds to a second-order tensor that can be called
a projection tensor.
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1.4.3 The permutation symbol

Definition 1.25. The third order tensor given by the formula
e(@,b,c)=a-(bxc)

18 called a permutation tensor.
By means of covariant components ¢;;; and contravariant components el of the permutation
tensor we can express the cross product of basis and cobasis vectors:

& X e =egye; e xe =clle.
For any vectors @, b there is ~ o B
axb= siﬂajbléz = s”lajbléi.

According to the properties of triple scalar product all components ¢;;; can be expressed through
one component, for example, €193 = €.

A basis {e;} is called right-handed if e123 = ¢ > 0 and it is called left-handed if €193 = ¢ < 0.
Note that

+e, if (4,7, k) is an even permutation of (1,2, 3)

gijk = —¢, if (4,7,k) is an odd permutation of (1,2, 3)
0, if two or more indices are equal
Hence,
€123 = €231 = &€312 = —&321 = —&213 = —€132-

Example 13. Prove that

A-a A-b A-C
[A-(BxO)a-(bxc)]=det| B-a B-b B-¢
C-a B-b C-¢

Proof. B B
Let A = A™e,,; B = B"¢,,C = C*¢, and {&;} be an orthobasis, then

A-(BxC)= A"¢,B"¢, x C*¢, = A"B"C"e,, - (€, x &) = A™B"C*¢ ..

According to the definition we have

Al A% A3
epzdet | BY B2 B3 | = A"B"C*e,k
ct oc? c3
Al A% A3 al a? o
[A-(BxO)[a-(bxe)]=det | Bt B> B |det| bt b® b | =
ct ¢c?* ¢3 ct 2 A
Al A2 A3 ol a2 B3t
det | B! B2 B3 |det| b b2 13 =
ct c? 8 2 A3
Al A2 A3 at a? & T A-a A-b A-¢
det BY B2 B3| .| p 2 B —det| B-a B-b B-¢
ct ¢c? o3 ct 2 A C.-a B-b C-¢
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Example 14. 53 =¢ = %,/g, g = det ||g;;|| .
Proof.
€1-€1 €1-€y €1-€3 g11 912 913
E123€123 = [€1- (€2 X €3)][€1 - (€2 X €3)] =det | €3-€1 €€ €-€3 | =det | ga1 a2 go3
€3-€1 €3-€y €3-€3 931 932 933
The same for ' = +-L In fact,
Va9
.5l gl.g2 gl.g gl g1z g1
51236123 _ [él . (EQ % 53)][51 X (52 % 53)] —det | @ -El 52 . EQ 52 . 53 = det 921 922 923 —
B .l PB.g2 .53 Pl g B
1

det|lg"|| =1/g, € =+—

Example 15. &;;e”* = 0767 — 6707
Let us prove that

e,-el e-e €-el or or of

L ePre — T . (e. x e )lleP - (e x e?)] = e.-eP e..e" e -e? — p r q
cike”? = [€; - (€5 x &)][e" - (€" x &) =det | €;-e e - e-e! | =det | & 0F O]
ék eP [ e’ ék e (55 52 (5Z

Example 16. Prove that @ x (b x ¢) = b(@-¢) —¢(a@- b).

Proof. Let @ = a'e;, b= bie’, ¢ = ¢;e', where {¢;} and {€'} are basis and cobasis. We suppose
that b x ¢ =d. Then

e
ax (bx?)=ei;ie™albse,e = ;e albge,e =
ijl By il BEy
= (0767 — 6707 )a’bge, = 076 albge e’ — 6]0] albge et =

= a"bsc, e’ — a’bge,e = bge’a’c, — c,e'a’bs = b(a-¢) — ¢(@- b).

Exercise 13. Fualuate g;j,c"".

Exercise 14. Write (@ x b)-(¢ x d) in component form.

Exercise 15. Prove that A-(Bx C)=B-(C x A)=C - (A x B).
Exercise 16. Prove that

() A-(BxC) = (Ax B) C;

(b) A-(AxC)=0.

1.5 Tensor calculus

Let Q C R™ be open set in R". A tensor field is a function over {2 that associates any point of €2
a tensor. In this section we study an elementary calculus of tensor and vector fields.

Definition 1.26. A transformation u : Q) — R™ s continuous at the point x € § if
lim |u(z+h) —u(z)|gm =0
|h|Rn*>0

Definition 1.27. A transformation u : Q2 — R™ is continuous on the set £ if u is continuous
at any point x € 2.
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Differentiation

Let u : Q — R™ be continuous on ().
Definition 1.28. A transformation u is called differentiable at the point x € § if there exists
a linear transformation L : R® — R™ such that

|l};1&0 |h 7 Ju(z + h) — u(z) — L (k)| =0

Definition 1.29. A transformation u is called differentiable on €2, if it is differentiable at
any point x € 1.

Definition 1.30. A linear mapping L, defined above is called a derivative of the transfor-

u
mation u at the point x and it is denoted by %(x)

0 0
Definition 1.31. A new transformation a—u : Q — L (R™; R™) given by the formula x — a—u (x)
T T

18 called a derivative transformation of u.
A transformation u is called continuously differentiable on € if the derivative transforma-

ou u
tion 9 is continuous on 2. Here the symbol 9 is used only as notation for the "new” linear
x x
transformation 9 5
u u
— ' R"— L(R",R")or — e L (R";R"
e ( Jor o€ L( )
I[fu:R"— R™and v: R™ — RP are differentiable, then their composition vowu : R* — RP is

also differentiable. And we have
0 ov Ou

_(UOU):%O%

Ox
The case n = 1.
In this case u : R(t) — R™ is usually called a vector—function of the variable t. If u = u? f;,
and {f;}7* C R™ is a basis then 2 = % f..
General case can be reduced to this simple one. Let u : 2 — R™ be a differentiable vector field
with Q C R"™. One can consider the new transformation v : R(t) — R™, where v(t) = u(x + ta)
and a € R" is an arbitrary vector (this vector is called a test vector). We have

ou T+ ta) — u(x) _ hmv(t) —v(0) Ov

o
3, &) (a) = lim ; lim ——— =5, 0)-
Problems. J
1. Expand pr [a(t) x v(t) -w(t))].
Solution. . i i
U _ _ _ v _ _ w
I X o(t) - w(t) +u(t) x il w(t) +u(t) x v(t) - e
de
2. Show that if é(¢) has a constant magnitude, then d—i is either zero or perpendicular to e.
Solution i i
s e-e _ de
. — — t _— 2 - — = U.
€€ ‘e ‘ const, 7 e 7 0

3. Let u = sinte; + eley + e3. Find d_qu
Solution.

u t
— =cos te; + € eq.

dt
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Let m = 1. A transformation ¢ : R" — R (m = 1) is simply a scalar function. We use a
special symbol for the derivative transformation (derivative transformation is a linear form)

Oy
or - V¥

The transformation Vi is called a gradient of ¢. The operator V is also known as a NABLA or
del operator. The del operator V represents a linear function that maps a tensor field into another
tensor field. For instance, the gradient of scalar function f(z1,x2) maps a scalar field into a vector
field Vf(xl, .TQ).

For the linear form V¢ there exists an unique vector b such that
Vop<a>=a-b.

The vector b is also denoted by V.

1.5.1 A coordinate representation

Let m = 1. If {e;} is a basis in R", and = = z’e;, then

Therefore, the vector b is b = %ei, or

dp Oy 890)
oxl’ 0x?’ " oxn’

b=

Let n = 1. If {f;} is a basis in R™, then u = «/ f;. The derivative is calculated by component—
wise

ou Wiz +t) —u(x ou?
Ou_y W) W)
dr 10 ox
) . ou
In the general case x = z'¢;, u = v’ f; the matrix of linear transformation (8_) has the
x
representation
ou o’
ox ox
ou? . . . o . ul
where o, e usual partial derivatives of the function «’(z',...,2™). The matrix 5 ) 8
X xrt

called the Jacobi matrix of the transformation u. A transformation u : 2 — R™ is continuously
differentiable on  iff all partial derivatives du’//0x’ exist and they are continuous functions on
the set €.

Example 17. A directional derivative of f in the direction € is

af
£—QVf

Example 18. One can use the gradient to derive the equations of the normal line and
tangent plane to a surface f(Z) = const at the point (aq, as, as). If 7 is a point on the normal line,
then V f is parallel to the normal:

T—a=t-Vf
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or in coordinate form

ri—a; =t of
i i aZL’Z .
If 7 is a point on the tangent plane, then V f is perpendicular to the plane
(r—a)-Vf=0,
or o
(fEi - &i)a—xi(al, as, ag) =0.

Exercise 17. Find an equation of the normal line and tangent plane to the surface x3 =
1 + zy29 at the point (1,1,2).
Exercise 18. Find equations of straight lines normal and tangent to the curve f(x1,x5) =

const at the point (aq,as).

. . Ou . :
In the case m = n a linear transformation g belongs to L(R™). A matrix representation of
x

this transformation is a square n X n matrix. Two invariants of this linear transformation have
special names.

The trace tr(%) is called a divergence. The determinant det(g—u) is called the Jacobian of
T T
the transformation u. Thus,
. Ju, ou' |Ou du ou?
divu=trG) = e o) = "o = o)

1.5.2 Divergence of a tensor

In continuum mechanics we will use a new vector operation, it is named a divergence of a tensor.
Let P: Q — L(R™) be a differentiable transformation and @ € R™ be an arbitrary test vector
and x € Q. We can determine a transformation u,(z) : R" — R" by

ua(w) = P*(x) (@) .
This is a differentiable function. We construct the divergence of this transformation (as above)

div(ua(a)) = () = tr( P (a) a)

In the left hand side we have a scalar in the right hand side we have a linear form. There is an
unique vector p such that

(2P (a) (@) =7

The vector p is called a divergence of the tensor P and it is denoted by p = div P.
Example 19. Let

Pea)=| 3 .

be a matrix representation of a linear transformation P in the basis €, = (1,0),é; = (0,1). Find
div P.
Solution. Note that

div P = (div P)" - &; = ((div P)*, (div P)?).
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Because {€;,€;} is an orthonormal basis

P*(:c,y):PT:[ vy }

xy
Hence, ) o _
P(z,y) (1) = xxy 52 (1) - xxy
Therefore, o _ -
Pap@=| o 5T =] %)

(div P)' = div( P*(z) {€1)) = %:L‘ + %a:y =1+,
(div P)* = div (P*(x) (&) = 2.0 T 9.t =

For the case m = n = 3 a rotor (or curl) of a vector field u is defined by the formula

Ju du
rotu=F < . ( x)>

Hence, a coordinate representation of the curl in an orthonormal basis is defined by:

1 1 1 1 2 3

au au uﬂ?l u,xz u,xg U’,:ﬁ u,xl u,xl
(% - (%)*) = ule uz:cz uzxs - ui:(:z u;xQ uzl’z =
»T1 u7$2 uyxl} u7$3 u7x3 uaxB
0 ) ()
e mw) o wh-dd)
(uz1 - ux5) (uxg - uxj) 0

0 —-a® d? al
a=EYA)=EFE"1] ¢ 0 —a'|=]a
—a®> al 0 a’

Thus,

by = B! du  (Ou\"\ _ (ou®  Ou’ Ou'  OuP Ou®  Ou'
rotu= ox ox -\ Ozy O3’ Oxs  Oxy Oxy  Oxo

or another representation is

o- 0- 0- - - - Pk
an:<8_xi+a—yj+$k)x(u1i+qu+u3k):det 2 aﬁy 2| =
Uy Uy Us

8U3 aUQ - 8U1 8U3 - 8u2 6u1 —
<a—y—a)”(5—a—y)ﬁ(% a—y>’f

29
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1.5.3 Second derivative

0
If derivative transformation 8_u : 0 — L(R"; R™) is differentiable, then the function u is called
x
9 (Ou

twice differentiable. The derivative transformation - (%) is called a second derivative or deriva-
tive transformation of second order. We use a notation %. A value of second derivative at the
point z is called a second derivative of mapping u at a point z. A second derivative of mapping
is a bilinear transformation from R" x R"™ into R™. The bilinear mapping % cR" X R* — R™ is

defined by the formula of successive differentiating

0%u 0 Ou
) (a,b) = %(% (b)) (@)

Note that if a function u is twice continuously differentiable, then the second derivative is sym-
metric P o
U u
32 (@0 = 5 (ba)

1.5.4 High order derivatives

High order derivatives can be defined by the induction

Ou 9 <8k_1u>
oxk — Ox Oxk-17"
A derivative % at a point z € () of a k-times continuously differentiable mapping is a sym-
metric k-linear transformation R" x R" x ... x R" — R™. In the general case one can write
e
down I -
P ay, pt+ay,
@ (@ <b1,...7bq>) <a1,...,ap> = w <a,1,...,ap,b1,...,bq>.

1.6 Curvilinear coordinate systems

1.6.1 Coordinate system

For the sake of simplicity we consider here coordinates in three-dimensional Euclidean space R3.
All facts and definitions are valid in arbitrary space R".

A set of triples (K, K?, K3) , where K', K? K3 are real numbers, is called an arithmetic
space A%. For all elements of A% the operations of summation, subtraction and multiplication by
a scalar, and dot product are defined by usual way. For example,

(K' K*, K*) - (L', L*, L% = K'L' + K*L* + K3L?.

This space of triples is an Euclidean space.
Let Q C R3(T) be an open set. A one-to-one and reciprocal continuously differentiable
mapping K : Q — A3 is called a coordinate system. This mapping is defined by the formula

T — K(7) = (K'(7), K*(7), K*(7))

The values of functions K*(Z) are called coordinates (curvilinear coordinates) of the point 7.
For any fixed point zy the equation K%(T) = K'(Z,) determines a coordinate surface II; C
R3(7). This coordinate surface passes through the point .
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Any pair II;, IT; of these surfaces is intersected along the curves
ll :H2ﬂH3, lg :Hgﬂﬂl lnglﬂHQ,

which are called coordinate curves (or curvilinear axes of coordinates). Along the ;-line only the
coordinate K is changed; two other coordinates are constants.

1.6.2 Coordinate basis

Let a point = € €2 be fixed. At this point there are three vectors

_ ox :
€ = Wa ('L = 1a273)7
which form a basis in R?. This basis is called a coordinate basis of the coordinate system K at
the point Z. A vector g; is a tangent vector to the coordinate line ;.
Similarly, one can define other three vectors at the same point = € (2

_OK'
~ oz

e’

=VK', (i=1,2,3).

These vectors form a cobasis that corresponds to the basis {e;}. The basis {e'} is called a
coordinate cobasis of the coordinate system K at the point Z. The vectors € are normal to the
coordinate surfaces II;. If K' : Q — A% is a "new” coordinate system, then the trasformation
K' o K7': A® — A% is defined. This transformation acts by the rule

(K',K* K%) — (K", K? K®) = (K o K™Y)(K', K% K%)

and an inverse mapping K o (K /)_1 is determined, too. Then, "new” basis and cobasis are related
with "old” bases by usual formulae

’ . 7. P
A VDB S L
e, = Ajej; et = Aje,

where A N

=— A =———; (i,7=1,2
7 8K/Z) 7 aKJ? (7’7j ) 73>

1.6.3 Orthogonal coordinate systems
A coordinate system is called orthogonal (at a point or on a set) if its basis is orthogonal
g-e;=0, ¢-&=0,(i#])

(at the point or on the set). Coordinates of the fundamental tensor g with respect to an orthogonal
coordinate system are

hi 0 O
0 0 hs
where )
oT
hi:iz’:_iQZ_- ,1=1,2,3.
= o = || = 1,23
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1.6.4 Christoffel’s symbols

Vectors of a coordinate basis {€;} depend on T or on (K*', K% K?) = K(Z). Derivatives of the
basis vectors can be represented in terms of the basis {€;}
g,
0K

S =
= I8,

where the coefficients I'j; are called Christoffel’s symbols of second order. Note that the Christof-
fel’s symbols are not components of any tensor. These symbols are symmetric with respect to

lower indices
S S
I =T

A dual formula for the representation of the Christoffel symbols is

]

oe

The Christoffel symbols are related to the derivatives of the fundamental tensor

Fl.‘:l 9gis | 0g;s _ 99ij \ s
Y 2\0KJ O0K' O0Ks '

Let us prove these identities. In the strength of the identities

9i; = Ei ' e_ja Gis = éi : ésa Gjs = 557
0g;; e, 0e; _
_ag(js =55 % +e - R =176 & +e-The,
one can obtain 5 5 5
gis _ él = = Es TP = D —

KT DK €s + € 9K =T j€p€s T € - I, i€ps
0G5 Oe; Je,

% — 3}6(]1- T+ a[e@ =T1"%, & +e e,

Hence,

ais a S 81
aiﬁa‘;}éi_a%—l“pep es+e-Ihe, +10e, e +e-Ihe, —Tie & —¢- Ie =

= 2F i€p €5 = QFJngS

Thus, after multiplying on ¢* one has the proof.

Note that
1 0y
Fs = |ga ( _17273)7

s \/E E)Kz

where |g| = det(g;;). This follows from |g| = [e; - (€2 X e3)]? and

9 9 0 0
8|lg|z = 2[er - (e2 X 63)”% ~(e2 X eg) +ex - <a__f(21 xes) +er - (e2 (‘ﬂcé)] a

= 2e3,5(0]; + 15, 4+ 15)).
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1.6.5 Derivative tensor

Let ® be a tensor of order r, which is dependent on T € Q2 C R? and @, a@s, ..., a, be a set of test
vectors. Hence, there is the function ® (@, as,...,a,) : @ — R defined by the formula
T — ®(7) (ay,as,...,a,).

The derivative of this map is a linear transformation. This means that

B (@0, 7 B) = () (@, 7) ()

is a (r + 1)-linear form.

Therefore, & is a tensor of (r 4+ 1) order. The tensor &’ is called a derivative tensor of the
tensor ®. Coordinates of the tensor @’ <61,52, e ,ET,I_7> which correspond to basis vectors b = e;
are called covariant derivatives of the components of the tensor ®. We use the notation

!

® = Qi i -

i1...8p1

Here a one covariant index, which is written after the comma, is added.

1.6.6 Covariant derivative

Covariant derivatives are expressed in terms of partial derivatives with respect to correspond-
ing coordinates, Christoffel’s symbols and components of a tensor. The simplest are covariant
derivatives of a scalar, which coincide with usual partial derivatives

0P

T 0K

Let us consider first a tensor field of first order. Taking the derivative one has

0 _ 0 Ny OT B ge;
='(7) <@ e > +0( ) < lees = ('(@))u + Ij(2(7))s =

= (9),,(T) + ['5P:(T).

Thus,
0
/ S
(I)i,l — (q) )i,l — W(I)z - Filq)s'
Similar for contravariant coordinates of a vector
o ) - OT det
—<1>Z—=—<c1>— i >:<I>’— i o e _
BT (7) oK (T) < e > (T) < e, ¥yl > +0(7) < SR

< —Iyes >= (¢'(2)] — T4 (2(T))" =

= 9'(T) < el e > +P(7)
= ()}(7) — I'y®*(7)

or

. , P
') = (D)) = 777D + T, D",
For a second order tensor
0, 9D
Diju = — [0 — T 04, @Y = +1,0% 4 T s,

oK l oK
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7= Okl 0] + T,07, @) = Kl

In the general case for covariant derivatives of a tensor ® of order r one obtains

0P, o - s
irint = i = D Vi i

= D@ + T, 2%,

o=1
where the index s is placed instead of the index i,. Similarly, for coordinates ®it-Jr = @' <
e, ... e, e >
Ol = o+ D TR
o=1

where the index s is placed instead of the index j,.

Covariant differentiation of sum and products of tensor components are got by usual laws of
differentiation of product and summation.

Special interest of covariant derivatives is the covariant derivatives of the fundamental tensor

gijl = g,z,{l =0.

This results are known as Ricci’s lemma. A practical importance of this lies in the fact that the
metric tensor acts as a constant when the operation of covariant differentiation is applied to it.
Therefore, it can be moved freely in covariant differentiation. This property gives us a simple way
to calculate covariant derivatives of mixed and contravariant components of an arbitrary tensor,
if we know all covariant derivatives of covariant components of this tensor.

Proof (Ricci’s lemma).

The proof is obtained from the following calculations

_ Ogis
gZ],l - aKl

995 1 o (O9im n O9im  Ogui L an (09 | Ogim 09y \
oK' 2 * 0K/~ oK' Q9Km )"

- Ffz’gsj - Ffjgis =

oK'~ OK' ~ OK™ 27
_ 99 _ L (Ogum  Ogim _ Ogi \ _ 1o (Ogim  Ogim _ 09\ _
oK' 27 \9Ki ' OK' o9Km) 27 \0Ki 0K! OKm™

_dgi; 1 (aglj 99 3911) 1 (agli dg;i aglj) —0

~OK' 2 \0Ki OK! OKi 2\0KJ  OK! OKi
Let us consider some properties of covariant derivatives.
(a) Derivative of a vector:

0P 9(Pe) 0P, Y gel acbié
'K OKI
I ®,)e = ;e

0K~ OKi  gfi
oK

T+~ =

(b) Covariant derivative of a scalar product has the same form as usual partial derivative. In
fact, let B = ®¥; be a scalar product of two differentiable vectors ® and W:

0B G(CI)i\I/i) 0! O, Odb? .
j = - = —~ = P, +P'—— = — U, + (U, + 5.0, =
7 o0KJ 0K 0K + OKJ OKJ + ( 7J+ ji )
_ o
 \OKI

B

+ TN, + O 5 = O, + DL,



1.6. CURVILINEAR COORDINATE SYSTEMS 35

Here we used
0P? ov,

O I” O U= L T,
J 9K + 0K g
Therefore,
aB . ;
Bj = 5707 = ='W, + DLW,

1.6.7 Differential Operators

In this section we study some differential operators that are expressed in terms of covariant deriva-
tives. We use these formulae for covariant representation of differential equations of continuum
mechanics.

Gradient of a function

Definition 1.32. The vector oF  OF
VF = e'
oz 0K
15 called a gradient of the function F'. Covariant components of the gradient are:

OF
OK*

(VF)i =F;=

Derivative of a vector

v
Let ¥ be a vector. A derivative of the vector ¥ is a linear transformation — €£(R"). This linear

transformation corresponds to the second order tensor, which is denoted by the same symbol:
Jv - o -
—(a, by=a-— (b

ov
Covariant coordinates of the — are

0T

(@) =e; (@> < e; >= ei(lim Ol +te;) - Um) = ¢ o _ O [ij0s = wij.

oz oz t—0 t 0KJ 0K

Divergence of a vector

First we remind definition of trace of linear operator L, tr(L), where L € L(R"™). If {e;} is a basis
in R" then tr(L) = L, where L] = ¢/ - L < ¢; > and L < ¢; >= Lle;. Note that tr(L) is a
contraction of the tensor corresponding to the linear transformation L.

The divergence of a vector U is a scalar

o oy ;00
divv = tr (%> e(@x)<ez>.

The divergence of a vector v can be expressed in terms of covariant derivatives of the vector ©

o : vi vt 04/|g] 1 9 .
divy =0, = — + T v° = - (+/]g]v") .
T QK VRS ‘/|g|aKz< >
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The Laplace operator of a function

The scalar
AF = div (VF) = (VF)), = (¢"(VF).) =

[ s OF B is(aF) g 0*F a@F]
“\Toks ), 7Y Vors" T KoK T oK
is called the Laplace operator of the function F'.
If one denotes 7 = VF, then v' = g“%, therefore

19 L OF
AF = oK (\/mg %)

Curl of a vector

A Curl (or rotor) of a vector ¥ is the vector

wto= e ((70) - (%))

For obtaining contravariant components of this vector note that

E < curlv >= % — <8v) .

ot \oT
Then
e;((E < curlv >) < eg >) = e;((curl®)'e; x e,) = g5(curl )
and
_ ov ov 0v; ov,
e;(E <curlv >) <es>) = (%)js - (%)Sj = 8[;3 TR
Hence,
N1 81)3 31)2 N2 (91}1 a'U3
€123 (curlv) = W - W’ €123 (curl v) = W — W’
—\3 8@2 8/01
103 (curlv)” = KT DR

If one uses a right-handed basis, then e193 = 4/|g| and

(curl®)' =

1 8113 _ 81)2 (Curl@)2: 1 81)1 _ 6’1}3
Vgl \OK?  0K3 )’ Vgl \OK?  OK!)”’

(curl@)g— 1 Ov, — v
Vgl VoK' 0K? )"
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Divergence of a tensor

Let a be a test vector, then

a-div P = div (P* (a)) = (a‘ipw >) — (P (a)), = % I (P* < a>)"

Because (P* < a>)) =e/P* <a>=aP <é& >, and P < ¢ >= P%¥e,, then

dP*I De,

- div P = s+ P I, P*e, | =
@ a(@Kﬂe+ 8K+ e)

(a-es) (%??j + Y, P+ T, Paf) = (a-e) Py

or
as(div P)® = astj.

This means that
(div P)* = PY.

Another representation is the following
(div P)* = P¥,; = div (P") + '3, P’
where P° = (P!, P*2, P*3) and

opPsi
0K

div (P°) = +19, P

The Laplace operator of a vector

The vector
o0v
AT = di —
v w <8f)

is called the Laplace operator of the vector v.
Contravariant components of this vector are

oo\" . [ /ov\" g o
=V — [ 22 — 4t e — (Y — 4 1S, L s1 —
o' =(5) = (((%)) §(0h) s = e — Ty + Do) =

ov®
Fl
+ JS(aKz

g 0%t ort ov® ot
= g" — Byt + T ——) - T% I v
9"+ ars? t Tegs) ~ Dilgges + Tsa?®)

After regrouping one has

+ 5 0%)).

*' o' or o
N0 — . —— T I‘l I‘l %) 8 2 2]Fl
g (aKjaKz ]ZaKS) +g (6K] jit as + ja ’LS)U + g lSaK

B 8 s a l
= g9 (D)) + 20T g g (o

L aK] S Fl + Fl re ) s

8K] jit as jot is
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Acceleration

The vector
dv  Ov 0v ,_
=+ m)
dt 0t 07
is called an acceleration of v.
Covariant and contravariant components of the acceleration are

dv 8’07; + s 8vi 1t an Fj s
— = VUV o = — v —1; UV U;
), ot ot OKs v

dv ’ (9Ui + s i avi + s avi + 1—\1 70,8
—_ = VUV, = v - VTV
dt ot " Ot 0K* I2 ’

Physical Components of Tensors

If vectors of coordinate bases and cobases are not normed, then components of tensors have
different numerical values in different bases even if directions of basis vectors coincides. For using
specific physical values it is inconvenient. To correct this there are physical components of tensors.

Definition 1.33. Numerical values of tensor components divided by the length of corre-
sponding basis or cobasis vectors, which define these components are called physical components of
the tensor.

Let us consider curlinear coordinate system

_ 0T _ OK' _ .
61'—%, 6—8E—VK

The lengths of the basis and cobasis vectors are

—2_ = = 2 _ =i =i i
&|° =€ -e =gy |E|°=¢" 2 =g".
_ €; . ) .
The vectors eil = H have the unite length. If a; = ae; are covariant coordinates of a vector a,
€;
then the physical components are
~ a;
a; = =
@i

For covariant components of a tensor one has
Lij = L (e;,&;) = |eillej| L (2}, €;) = les||ej| Ly

or
Ly— i
(I [e51)
In orthonormal system of coordinates for any tensor its physical components of all types,
having the same indices, are equal.

1.7 Special Coordinate Systems

Let {e;} be a fixed right-handed orthonormal basis in R*. We suppose that a point (vector) T has
components T = (z,y, z) in this basis. Curvilinear coordinates are introduced by transformation
K : R? — A3, which acts according to the formulae

K(7) = (K'(2,y,2), K*(2,y, 2), K(2,y, 2)).
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1.7.1 Rectangular Cartesian Coordinates
Let us consider a transformation K:
K'=2 K=y, K?=2.
The inverse transformation K ! is
r=K' y=K? 2= K>

The coordinate surfaces x = const, y = const or z = const are planes, which are parallel to
yz plane, zx plane or xy plane, respectively. The coordinate curves are straight lines, which are

parallel to the x—axis, yfax'is or z-axis, respectively. They are orthogonal. The basis ¢; = %
coincides with the cobasis €' = dgg:

el =€, =¢,8e==¢.

The fundamental tensor is an identical tensor

S = O

100 )
(95)=10 0] =1(");lg9l=1
0 1

All Christoffel’s symbols are equal to zero. The permutational tensor has the value ¢ = 1. The
coordinate system x,y, z is a right-handle coordinate system. Physical components of a vector
T = (v, vy, V) coincide with tensor components

(’U17U2>U3) = (Uxavyavz) = (U17U2703)-

Physical components of a second order tensor P coincide with corresponding tensor components:

Pa:a: ny sz N
(P) - Pyz Pyy Pyz - (Pij) = (Pw)-
Pz:p sz Pzz

The gradient of a function F' is

oF OF OF
R Lo
v <8x’8y’82)

The matrix of covariant derivatives of a vector ¥ is (i is a number of row)

vy Ovg  Ovg

i ox dy 0z

(') = (avl) I P A
N ] T | 9z oy oz
Ox? vz 3_152 vz

oz oy 0z

The divergence of a vector v is
ov,  Ov,  Ov,

8:U+8y+8z'

divv =

The Laplace operator of a function F'is

_9F  9F | O°F

AF .
0x? + oy? * 022
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The rotor w of a vector © (w = rotv) has components

1o v v p Ove v 5 Ovy Ot
oy 0z’ 0z Oz’ or Oy

w

The divergence of a tensor P is

P = (Pa;xvpa:yapxz>a

—2

53 = (Pyxapyy>PyZ>7
= (szsza Pzz)

The Laplace operator of a vector v is

(AD)! = Av,), (AD)? = A(vy), (AD)? = A(vy).

(%)1 = D(v,), (%)2 = D(v,), (%)3 = D(v.),

af of of of
pipy=2 0,90 L, 90, 0
(F) =3¢ 05 T, T 0,

The acceleration is

where

1.7.2 The cylindrical coordinate system

For the cylindrical coordinate system the transformation K is
K'=r= \/m, KQZ@:arctan%, K3 =z
The inverse mapping K ! is
r=rcosp, y=rsing, z=2z, (0<p<2m).

Coordinate surfaces r = const > 0 are circular cylinders (coaxial to z—axis); ¢ = const are half-
planes passing through z—axis and z = const are planes perpendicular to z—axis. Coordinate
curves are: [y (intersection of ¢ = const and z = const) are straight rays going from z—axis and
perpendicular to it; I (intersection of r = const and z = const) are circles (these circles lie on the
planes, which are perpendicular to z—axis with a center in the z—axis); I3 (intersection of r = const
and ¢ = const) are straight lines that are parallel to z—axis.

The basis and cobasis of the cylindrical coordinate system are orthogonal and consist of the
vectors

o — 0T _ @7@’% = (cos ,sin p,0),
oK1 or’ Or’ Or
o 0T - % @ % —r(—sin CcoSs 0)
2T oK \op oo dp) meme

__0r  [(0xr Oy 0z\ _
<= oK’ <8z’ 32’82) = (0,0,1),
_17(8.}(1 oK' OK! B T Y
dr Ay’ Iz 24y P+

0) = (cos p,sin ,0),
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2 _ (aKQ OK? 3K2> _ (- Yy x
SN0z Oy 0z a4y a4y
L OK? OK?® OK®
e =

1
,0) = —(—sin ¢, cos ¢, 0),
r

=(0,0.1).
(8x’8y’8z) (0,0,1)
Hence,
€1 = (cosp,sin ¢, 0), e, = r (—sin ¢, cos ¢,0), e3 = (0,0,1),
1
e' = (cos p,sin ¢,0), 8 = = (—sin ¢, cos ¢,0), & = (0,0,1).
T
The fundamental tensor is
1 o0l  [100
(g)=10 7 0|, (g?)=]|0 &% 0|, [gl="r>
0 0 1 0O 0 1

Because the Christoffel’s symbols are

agzs 89'5 agz
I _ js J
by = 29 (8}0 T oK aKs) ’

then for the cylindrical coordinate system
2 I

and all others are equal to zero. For example,

re _ 9915 | 092  Og12\ _ 1 99 (Og12 | Og22  Ogi2\ _ liQT 1
2759 \or? "okt T ok+) ~ 2Y \oK? T oK' oK?) ~ RS

272
For the permutation tensor is 103 = r with
€123 = €231 = €312 = —€321 = —E&213 = —¢&132.

Since cylindrical coordinate system is orthogonal, then all physical components of any type
concide. Let (v, v,,v,) be physical components of a vector T, then the tensor components of the
vector v are v

(U17 7}27 US) = (UT7 _‘P’ UZ), (vla V2, U3) = (UT7 TUL,D) Uz)
r
We remind that physical components of a vector are related with covariant components by the
formulae:

~ V2 V2 ~
Vg = 77— = —, V2 =TV = T"Up.
leof 7
Let PY = P<Ei7éj > are contravariant components of a second order tensor P. The physical

components P¥ are
pii

NG

For the cylindrical coordinate system, for example,

_ 21
P = oy =P P = P =
e e T
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Hence, if the physical components of a tensor P are
Prr Pnp Prz
(P): Peor Pw Ptpz )
Pzr Pzgp Pzz

then contravariant componets of the tensor P are

(Pij) = %Pw %PW %P@z

The coordinates of the gradient of a function F' is
oF oF
F), = (VF)!' = —— F), = — (VF)? =
(V )1 (V ) 87"7 (v )2 8(,0’(v )

(vF), = (VP = 2L

A matrix of covariant derivatives .
1
(I)?j - % + F;SCDS;

is (here ¢ is the number of a row)

Because 1
v A (\/ﬁv’) ,

the divergence of a vector v can be expressed as follows

10(rv,) N 1 0v,, N v,

dive = r Or r dp 0z

Similar for the Laplace operator of a function F

19 . OF
F= 5K (ﬂg aKs)’

hence, )
2
AF — 10 T(‘?F 10°F 0 F‘
ror \ Or r2 0p? 022

For the rotor @ = rot v of a vector v one has

5 _ 10(rvy) 10w,

L 10v. v, e 10v,  10v,
rop 0z’ rdz 1 or’ roor rop
Here we used the representation for contravariant components of the vector rot(v):
(%i

ijl

(rot o) = ey, = 01 —LL
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The divergence of a tensor P is a vector with contravariant components:
(div P)' = P = div (P') + T P%.

Hence,

1 _ 1
(div P)* = div (P') — ~Poy, P'=(p,, “Prp, P,

2 1 1

, 52 1 — 1
(div P)* = div (P") + ﬁ(Pﬂp + P,,), P = (;Pw, T_QPW’ ;ngz)7

—3. — 1
(dZU P)3 = div (Pg), P3 = (Pzra ;chpapzz)'

Therefore,

PV — g (P Llp 1O 10 9 1y
(div P)' = div (P") TPW =5 (rP.) + e (Pr,) + o (P,.) TPW’

. 52 1
(div P)* = div (P") + r_2<Pw + P,.) =

10 1 0 10 1
—;E(Pw)Jrﬁ%(Pw)Jr;@(sz)ﬂLp(Pr«pJFPw)a

3 12

10 0
) r8r<r 2r) r@go(

P

(div P)? = div (P ) + g

(Pzz) :

The Laplace operator of a vector v is the vector with contravariant components:

_ 2 0v Uy
A (v) :A(Ur)_ﬁa_;_ﬁa
2= (le) 20 (e 20
A (©) _A(r> r@r(r) r3 Op’
A )" = A(vy)

Here we used

o Ov® (O
A (E)l = A (vl) + QQZ]Fi'sm + 9" (a[(]; - Ffpré’s - Ffjriﬁ) v

The acceleration has the components

do\*' A A | v, (do\®
— ) =Dw,)--2%: =] =-D T (22} = D(w,
<dt> (U) 7’” <dt> r (USO)+ 7”2 7<dt> (U )7

of of w,0f
D = — 4 -
(£) 8t+vr<9r+rago+vz

where
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1.7.3 Spherical Coordinate system

For a spherical coordinate system the transformation K is
/$2 + 2
K'=r=ya2+y2+22, K> =0= arctan YZ Y g3 o = arctan 2.
z x

The inverse mapping K ! is
r=rsinfcosp, y=rsinfsing, z=rcosd, (0<p<2m 0<6<m).

Coordinate surfaces are: r = const > 0 are spheres having centers at the origin, § = const
are half-cones having vertex at the origin, ¢ = const are half-planes passing through z—axis.
Coordinate curves are: [; (intersection of = const and ¢ = const) are straight rays emanating
from the origin, Iy (intersection of r = const and ¢ = const) are semi—circles having centers at the
origin and which diameters lie on z—axis, [3 (intersection of r = const and § = const) are circles,
which lie on planes perpendicular to the z—axis.

The spherical coordinate system is orthogonal with the bais and cobasis vectors

€, = (sin fcos ¢, sin fsin ¢, cos ) = ¢,

1
€ =1 (cos 0 cos ,cos 0 sin p, —sin 6), & = — €2,
r
_ . . 3 L _
ez = rsin 0 (—sin ¢, cos p,0), € = ———¢s.
r2sin” 0
The fundamental tensor is
10 0 [t o0 o0
(g:5)=10 r 0 (g =10 % 0 . |g| = r*sin? 6.
0 0 r?sin®0 0 0 ==y

The Christoffel’s symbols are (we write down only nonvanishing symbols)
1 1
1—% = Fgl - F??) = Fgl o F%z =T,

IS, =I5, =cot §, 'y, =—7sin® 0, I'3; = —sin 6 cos 6.

For example,

1 dgzs  Ogss O 1 0 0 0
F§3:§gls( g3 4 g3 933> _ 11( 931+ g31 933) _

0K3 O0K3 O0Ks

29 \oK3 " oK3 ~ K1

1 (_87“2 sin? 6

2 or

1
5 ) = —527“ sin?6 = —r sin? 6.

Spherical coordinate system is right—handle coordinate system, hence e193 = 1/|g| = r? sin 6.
Let 7 = (v,,vg,v,) be physical components of a vector T, then tensor components of the vector

v are
Vo Vyp

(v', v, 0%) = (v, ), (v1,v2,v3) = (v, TVg, 7 sin Bvy,).

"r’rsin 0

For example, &3] = /(€3 - 3) = \/r2sin® 0 (sin? ¢ + cos? @) = rsin  and therefore,

U3 (%} .
Vo= —7=———, = U3 =1 sin0uv,.
lés|  rsin 6
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Let a second order tensor P has the physical components:

Prr PT‘9 Pmp
(P) - P@r P90 P0<p
F, or P b P, PP
Then contravariant components of P are
. P”" %Pre r siln 0 PT%O
(PY) = %Per 7,1%17399 P sllin 50,
r sin OPS"T 72 sin GP‘PO r2 sin? GPSDSD
The gradient of a function F' is
OF OF 5 1 OF
VF),=(VF)' = —, (VF),=—=, (VF)’=5—,
( )1 ( ) 87” ( )2 89 ( ) T2 89
oF 3 1 OF
VF),=—, (VF)) = ——F5——.
(VE)s oo’ (VE) r2 sin? 0 Oy

The matrix of covariant derivatives is (here 7 is a number of row)
Ovy ovr
o — Vo 350 sin Hv,,
cosGU

vy
T 12 ;
; v v - v
o) =1 o ety o T v
1 v 1 ) 1 v r t 0
rsinea_:; 7“si1196_gJ rsinea_: —l—%—i—%’l)g
In the strength of
1 0 -
divt = — . v'),
the divergence of a vector v is
1 0(r*v 1 Osinfv 1 Ov
divt = — (rv.) - b — £,
r2  Or rsinf 00 rsinf Oy
1 0*F

The Laplace operator of a function is
r2sin 0 00 00 r2sin? 6 0p?”

AF = — —
rZ Or " or
We used here r oF
AF = — . [ I
/g 0K’ (ﬂg aKs)
The rotor w = rotv of a vector v is
L 1 d(sin Bv,) vy = 1 dur sm@a(m“’) |
7rsin 6 00 Op r2sinf \ Oy or
51 d(rvg) v,
r2sin 6 or 00 )
(%i

ijl

We used the representation
= igl
(rotv) =c%v;; =¢ BT7E
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For example,

O 0vs Ovy vy Ovg
L it 9% 231 4 o321 _ o123

0K 0K? 0K3 00  Jyp
_ O(rsin G v,) _ Orug 1 J(sin Gv,,) B % _
00 %) 00 dp
1 d(sin Gv,) vy
~ rsinf 00 dp
1 1 1
where e lgl  72sind

The divergence of a tensor P is the vector with the contravariant coordinates
(div P)' = P** = div (P') + T P,
Thus, in spherical coordinate system

1
- ;(PG@ + Pw)a

(div P)* = div (P)

— 1 cot
(div P)* = div (Pg) n ;(Pre + Py) — TPW’
. . =3 cot 0
(div P)* = div (P") + g re T Por) + 5= (Fop + Pro),
where 1 1 ] ] ]
—1 =2
P:Prra_Pra.—Pr 7P: _PTJ_ 7—~P )
( r " rsing 2 (7“ 2t 9 2 ging o)
—3 1 1 1
P = T . 9 . P .
(7“ sinf ¥ r2sing " r2sin? 6 o)
The Laplace operator of a vector v is
2 Ovg 2 Ov 2v 2 cot 0
AR ! =A@w)—="2__= ~“» =“r 2777
() (or) rd0  r2sinf dp  r? rz 0

20v9 20v, 2cotf v, Vg

T25+ﬁm_r3sin0 dp  r3sin?f’

3 _ Yy 2 9 (v 2eotf 0 vy
A (@) _A(rsin9)+rsin9@r <7‘)+ r3 00 <sin9>+
2 Ov, 2cot 0 Ouvg

bt ST
r3sin?6 Op  r3sin? 6 Oy

A= (2)+

r

Here we used

N T o) ¥
A@) =0 () + 2g”F§sa—;}0 +g" (a—Kf + 505 — Ffﬂs) vr.

The acceleration of a vector v has components

1 2 2 N _ 2
<dﬂ) _Dv,) - v, + v97 (dv> _ lD(vg) N U, Vg cotva’
r

dt r dt 72

)

dv\?® 1 vV, + cot 8 v, v
@wy __* p rUp @
(dt) 7 sin 6 (v,) + 72 sin 0

where of of of of
7 9] Bl Yo 91
Dif) = ot o or * r 00 * rsinf dp’



Chapter 2

Mathematical modelling

2.1 Mathematical background

Let Q C R™ be a bounded open set in R".

2.1.1 Volume.

Definition. We say that a set w C R™ has a piecewise smooth boundary Ow, if it is possible to
represent the set dw in the form of union of a finite number of subsets o; (smooth pieces) with the
following property: for every o; there is a point ¢ € o; and basis {e;} C R" (in which = = z;¢;)
that

oj={r € R": z, = (21,72, ., Tn_1), (T1, T2, ..., Ty_1) € ol C R™ 1,

where 97 : o7 — R is a continuously differentiable mapping (o

J
Rn—l).
A bounded set w C R™ with a piecewise smooth boundary dw is called a volume.
Examples (of volume in R?): cube, ball

is called a projection of o; on

xy + a5+ a5 = K
tetrahedron
op:21=0
O9:20=0; o03:29=0
O4s:21+T9+23=1

segment of cylinder
o1 a0 +a5=1

o9 :23=0

o3:2x3=1

2.1.2 Additive functions of a set

Let {w}be a collection of all volumes w C @ C R". A mapping ® : {w} — R™ is called an additive
mapping, if for any disjoint volumes wy, wy C {w} it is satisfired the equality

O(wy Uwy) = P(wy) + P(w2).



48 CHAPTER 2. MATHEMATICAL MODELLING

Let x € Q and a set [, (z) be open cube (hypercube) in R":
Oa(2) ={y € R": [ly — 7| < }

Definition. An additive mapping ® : {w} — R™ is called continuous at the point x if
lim,—o ®(H.(z)) = 0.
If a mapping ® is continuous at any point x € €2, then it is called a continuous mapping in €.
An additive mapping ® is called differentiable at a point x € €, if there is a vector u € R™
that
lim ||(2a) " ®(0, () — ul| = 0.

a—0

The vector u € R™ is called a derivative of the mapping ® and we write u = ®'.
A mapping ® is called differentiable in €, if it is differentiable at every point x € 2. In this
case the mapping u : 0 — R™ appears acting by the formula u(z) = ®'(x).

2.1.3 Integral.

Let u : © — R™ be a continuous function. Then we have the following main theorem of integral
theory.

There exists only one continuously differentiable in Q additive function of set @, : {w} — R™
for which ®/ () = u(x) for all x € Q. This function ®, is called a primitive function of w. Its
values for any volume w C 2 are integrals of the function u : 2 — R™ on volume w:

O, (w) = /wu dw.

2.1.4 Surface measure and integral

Let a smooth hypersurface v with a projection 7; on R"! be given by the equation

Ty, = U(x1, 29, oy Tpo1), (T1,%2, . Tn1) € 71,

where 1 : 7 — R is a continuously differentiable function on ~;. Let a subset o C v be open
with respect to v and it has a projection oy on R"~1. Then o, is open set (in R"1).

Definition. The number
(o) = [ VIFIVIF doy

is called a surface Lebesque measure of the set o.
With the help of this measure an integral for a continuous function ¢ : v — R™ is defined. We
consider additive continuously differentiable function of sets of R"~!, which has the derivative

o1+ V|2

We denote the primitive of this function by [ ©1/1 4 [V¢)[? doy. And we define

/gpda:/ o/ 1+ V|2 doy

If ~v is piecewise smooth surface, which consists of a finite number N of disjoint smooth pieces
7;, such that v = UN,~;, then fa pdo = Zi\; fw- p do.
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2.1.5 Gauss-Ostrogradskii theorem

Let €2 C R™ be an open set and a function u : 2 — R"™ be a continuously differentiable on 2. We
consider such volumes w C € that the closure w C € (@ is a closure of w in R"). Let Ow be a
piecewise smooth boundary of w:

ow = UN ;.

We define a positive side of dw by the following way. Let z,, = ¥*(x1, 2, ..., T,_1) be a parametriza-
tion of the surface ~;. If there exists such § > 0 that for all A (0 < A < §) the points
(X1, T2y oy Tp_1, A+ (21, T2, ..., 1)) & w, then the unit vector

1 (awi o’ oYt
V14|V Ox1’ Oxy’ " Oxp_y’

defines a positive side of dw and the vector n is called a positive or outward drawn unit normal.
Otherwise, if (z1,x9,...,xn_1, X + ¥(x1, 22, ..., x,_1)) € w, then the outward drawn unit normal
vector is the vector

1)

. 1 (&ﬂ oYt ot
V14 | VY2 Oxy’ 0xy’ 7 Oxpy’

The Gauss-Ostrogradskii theorem asserts that the equality (Gauss-Ostrogradskii formula):

/wdz'v(u) dw = /&d(nu) do.

—1)

is fair.
Also it is fair the generalization of this formula on the case of continuously differentiable
mapping P : Q — L(R"), i.e. for a tensor of the second rank:

/div(P)dw:/ P <n> do.

Ow

Proof. Let a be a test vector. Then we have the chain of equalities

a/div(P)dw:/div(P*<a>)dw:/ nP* <a> do=.
w w Ow

:/ aP <n > daza/ P <n> do.
ow ow

Lemma. If a function A is continuous on 2 C R3 (€2 is open set in R?) and if for any volume
w C Q we have the equality [ hdw =0, then h =0 on Q.

Rule. If we have a one-to-one continuously differentiable function = : Q4 — €2, where €2y C
R™ Q C R", and if w = z(wy), where wy C €y, then

/wfdw:/w £ dw.

Here J is the Jacobian.
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2.1.6 Linear transformations.

Let us consider transformations L(R™).
Definition. Linear transformation A : R" — R" is called symmetrical transformation if

A=A
Linear transformation B is called transpose one of A if for all vectors a,b € R™ we have
(a, Ab) = (Ba,b).

In matrix representation it means that

[B] = [A]"

A set of symmetric linear transformations we denote Lg(R™).
Definition. Linear transformation O € L(R") is called orthogonal transformation if it satisfies
to
OoO" =1.

For the orthogonal transformations it is fair formulae
O* = 07", det([0]) = £1.

Composition of two orthogonal transformations is orthogonal transformation.
Definition. Linear transformation A is called equivalent transformation to A if there exists
orthogonal transformation O that
A=00Ao00O*

Let function f : Lg(R™) — Lgs(R™) be function which mappings linear symmetrical transformation
into linear symmetrical transformation.

Definition. A mapping f : Ly(R") — Ls(R") is called an invariant mapping with respect to
orthogonal transformations if for each orthogonal transformation O we have

f(O0A00%) =00 f(A)0 0"

In continuum mechanics such functions are called isotropic functions.
Theorem. All continuous isotropic functions f : Ls(R"™) — Ls(R") have representation

n—1
k=0

where coefficients ¢y, are scalar functions only invariants of linear transformation A.

Proof. We will prove this theorem for n = 3.

We choose orthogonal basis {e;} and we consider all linear transformations in this basis. Let
A be a symmetrical linear transformation. Because matrix A is a symmetrical matrix then there
exists an orthogonal matrix O such that

. aq 0 0
A=00AcO0*=| 0 a 0 |,
0 0 as

where a; (i = 1,2, 3) are eigenvalues of matrix A.
We show that matrix B = O o f(A) o O* = f(A) is a diagonal matrix, too.
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Really, let matrix B have representation

o bll b12 b13
B = b21 b22 b23
b31 b32 b33

and we take the orthogonal matrix

1 0 0
O,=0 -1 0
0 0 -1

Then by virtue of O;0 is orthogonal matrix, we get
01807 = 0,(0f(A)0")07 = f(O10A(0;0)") = f(O1A0;).
But O, A0; = A, and

. bll _b12 _b13 . .
()1.8()1< = —bgl b22 623 = f(A) = B.
_b31 b32 b33

We receive that bjs = bjg = 0. Similarly, we find that byg = bzs = 0 and b; = fi(a1,as,a3). We
take orthogonal transformation

010
O,=110 0|,
0 0 1
then
b22 0 0 a9 0 0
O,BO;=| 0 by 0 | =f040)=f 0 a 0 |,
0 0 b33 0 0 as

it means, that

f1(a2,a1,a3) = f2(a1,a2,a3)7 f2(a2,a1,a3) = fl(a1,a2,a3)7 fs(az’al,a?)) = fs(a1,a2,a3)~

We will consider some cases.
1°. Assume that (a; — ag)(ag — az)(ag — ay) # 0. Let us consider linear system of equations

bzz:&+ﬁal+7&z2 (7’:17273)

with respect to «, 3,7. Determinant of this system is (Gramma’s determinant)

1 a a
A = det 1 a9 CL% = (CLl — (IQ)( Ay — ag)((lg — al) 7é 0.
1 a3 di
Because A # 0, then we get
1 b11 aq CL% 1 1 b11 OJ% 1 1 aq bll
a:Zdet bgz a9 CL% ,ﬂ:Zdet 1 bgg CL% ,’Y:Zdet 1 a9 b22

2 2
b33 az ds 1 b33 as 1 as b33
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Functions o = a(ay, as,a3), 5 = B(ai,as,as3),y = v(ay, as,az) have property that they are unal-

tered by interchanges of pairs of ay, as, az. Really, for example, A’ = —A,
fi (CL2, ag, G3) az CL% f2(a17 asz, G3) az a%
alag, ay,az) = ~ det [ folasg,ai,a3) ay a? | = X det | fi(ai,az,a3) a; a? | = alar,as,a3).

fs(a2,a1,a3) as a% fs(al,@%a?,) as CL%

Definition. Any function f(z1, 22, x3) whose value is unaltered by interchanges of pairs of
X1, To, x3 is said to be symmetrical in xq, xo, x3.

Theorem. Continuous symmetrical function can be expressed as a function of the invariants
f(l’l,l’g, xg) = g(Jl, JQ, Jg), where Jl =T+ X9+ I3, J2 = T1X2 + ToX3 + T3T1.

Then we receive that

a = a(Ji(4), 12(A), J3(A)), B = B(Ji1(A), 22(A), Js(A)), v = v(J1(A), J2(A), J3(A))
andE:ozI—i-ﬁz—i-yﬁz. But B = O o B o O*, then
B=0"0BoO=al+p0"0A00+~0"0A 00 = al + BA + A%
20, Now let a; = ay # as, then fy(ai, as,a3) = fi(ay,as,as) and we consider equations
bii = a+ PBa; +~0 (i =1,3)

By virtue of a; # a3, we have

o= 1 det(bn al)’ﬁ:b;{%—bll'

as — aq b33 as as — ap

Functions a = «(aq,as,a3), 5 = B(ay,aq,a3) are again symmetrical functions of ay, as,az, and
they are functions of invariants

a = a(/i(A), J2(A), Js(A)), 8 = B(J1(A), J2(A), J3(A)).
In this case we have B = al + A, then we get
B=0*0BoO=al +£0*0Aoc0 = al + BA.
3%, Let a; = ay = as, then we have by, = byy = b3 and we consider equation
bj1 = o
Then « is a symmetrical function of ay, as,az. We have a = a(J;(A), J2(A), J3(A)) and

B=0"0oBoO =al.

2.2 Differential equations

2.2.1 Cauchy problem.

Let u: Q x 7 — R™ be a function, where  is an open set Q C R"(z) and 7 C R!(t) is an open
interval. We study the problem. Find a differentiable function x : 7 — R" such that for all t € 7

dx
o = u(z,t). (2.1)
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We require that the function z(t) satisfies the initial condition

for some point t =ty € 7 and £ € Q.
Definition The problem of finding a solution z(t) of equation (2.1) and satisfying condition
(2.2):
dz
dat = U(I7t)7 x(tO) =< (23)
is called a Cauchy problem.
We define the following condition on a function u : Q2 x 7 — R™.
Condition D. (a) A function v :  x 7 — R" is continuous on 2 x 7 C R"*!
(b) For all fixed ¢ € 7 the function u; : Q@ — R™ is continuously differentiable on Q. Here
u(z) = u(z,t).
Theorem. Let a function u(z,t) (u: Q x 7 — R") satisfies the condition D. There exists one
and only one solution z = z(&,t) of the Cauchy problem (2.3), defined on some interval 7 C T,
which contains the point ¢y € 7. For all fixed ¢ € 7, this solution is continuously differentiable as

the function x : £ — x(&,t) and the derivative ‘3—‘5 satisfies the perturbation equation

d Ox oudzxr Ox

5(8_5) = 900 a_g(tO) =1.

Corollary (Euler’s formula). Let a function u(x,t) satisfies the condition D. The formula

dJ
= J div(u)
is correct.
Proof. Let L = g—z, N = 2% he matrices with elements (L;;) and (N;;), and J = det(L). By
virtue of the theorem we have

8Lij
= NiaLa'-
ot !
We wish to prove that
0
—J =Jtr(N). 2.4
T r(N) (2.4)

Let A;; be a cofactor of L;j, then

77

J(sij = LiaAja7
where §;; is the Kroneker’s symbol. In particular, if ¢ = j, then (the symbol ¢ is fixed)

J = LiaAioc (25)

Because A;, does not depend on L;; for all o, then it is encountered only one time in the sum

(2.5), it means that
0

Differentiating the determinant J with respect to time ¢ and using (2.4), we obtain

0 8J 0L,
0" OLag 8755 = Aap(NayLyg) = JOayNay = J Noo = J tr(N).
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Remark. If one consider J as a function of the independent variables (z,t), then J(&,t) =
J(x(¢,1),t) and
dJ 8] 0 drs

@ ot One dt
In this case the Euler’s formula has the representation
dJ Uy,
ar = owa

2.3 Subject and method of continuum mechanics

1. The subject of study in continuum mechanics is physical bodies (physical continuum), having
properties of continuous media and internal mobility.

A physical continuum is a medium field with a continuous matter such that every part of the
medium, however small, is itself a continuum and entirely filled with the matter. A property of
internal mobility (or deformation) consists in translating separated parts of the physical continuum
with respect to each other, but the external form is invariant.

Strictly saying, by virtue of atom-molecular construction of any matter, we have no such phys-
ical bodies. When we say about physical continuum we suppose that the property of continuous
matter is approximately fulfilled. It means that we regard the process in which the character scale
of molecular process is less than minimum scale of study interaction with media. These scales are
distinguished for different conditions. For example, average distance between particles (molecules)
of air near of the Earth is [ ~ 10~%cm, in atmosphere on the height of 60km it is [ ~ 1073cm
and in cosmos it is [ ~ 1lem. If one consider that lower bound of length L on which processes are
studied in these mediums is equal to 10~tem, 10%cm and 10°cm, then for all those cases we have
[/L ~ 107°. Therefore cosmos media we can regard as physical continuum in the same meaning
as we assume for the air near the Earth.

That is the continuum hypothesis implies that a very small volume will contain a large number
of molecules. For example, V = lem? of air contains N = 2.687 x 10' molecules under normal
conditions (Avogadro hypothesis). Thus, in a cube 0.00lcm on a side, there are 2.687 x 101°
molecules—which is a large number. We are not interested in the properties of each molecule at
some point x but rather in the average over a large number of molecules in the neighborhood of
the point x. Mathematically, the association of averaged values of properties at a point x also
gives rise to a continuum of points and numbers. In summary, the continuum hypothesis implies
the postulate: ”Matter is continuously distributed throughout the region under consideration with
a large number of molecules even in macroscopically small volumes.”

Schematically continuum media is separated on gas, liquid and solid. It is a conditional sepa-
ration. In this consideration we use some statistical aspects of molecular motions. For example, in
gases, the molecules are far apart having an average separation between the molecules of the order
of 3.5 x 10~ "cm. The cohesive forces between the molecules are weak. The molecules randomly
collide and exchange their momentum, heat, and other properties and thus give rise to viscosity,
thermal conductivity, etc. These effects, though molecular in origin, are considered the physi-
cal properties of the continuum itself. In liquids, the separation between the molecules is much
smaller and the cohesive forces between a molecule and its neighbors are quite strong. Again, the
averaged molecular properties resulting from these cohesive forces are taken as the properties of
the medium. While air and water are treated through the same continuum hypothesis, the effects
of their motions are different due to the differences in their molecular properties, e.g. viscosity,
thermal conductivity, etc.
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2. Continuum mechanics describes the global behavior of gases, liquids or solids under the
influence of external disturbances.

The concept of a physical continuum makes the powerful methods of calculus available for the
study of nonuniform distributions of physical variables and provides an easily visualized physical
model that closely approximates observations of matter in the large.

The problems of continuum mechanics are multiform. Continuum mechanics is a foundation
for the understanding of many aspects of the applied sciences and engineering. It is a subject of
enormous interest in numerous fields like biology, biomedicine, geophysics, meteorology, physical
chemistry, plasma physics and almost all branches of engineering.

Continuum mechanics is separated on experimental-physical and theoretical parts. We will
consider only theoretical continuum mechanics.

A method of theoretical continuum mechanics consists of constructing a mathematical model of
behavior of continuous media. A mathematical model is a system of relationships (equations and
inequalities) between values, which characterize different properties of media. Usually they are
differential (finite) equations. To these equations the initial and boundary data are supplemented.
Mathematical model has to have a property of correctness. It means that the solutions of involving
in it equations have to exist, to be unique and stable. For some models there is no strict prove
of a correctness, in this case one has to use the criteria of practice. Physical experiments serve as
tests for the validity of a theoretical model.

After constructing a mathematical model we produce purely mathematical methods for study-
ing it. For this goal we use analytical and numerical methods. By virtue of difficulty of solving of
continuum mechanics equations the methods of simplifications of them have a wide spreading.

3. For the better understanding of physical foundations of construction of mathematical model
of continuum mechanics at first we consider a molecular (”microscopic”) description.

Let some volume V' of continuum media contains N molecules p; (i = 1,2, ..., N) with coor-
dinates of position x and mass m,;. A motion x;(¢) of molecule p; obeys to the second Newton’s
law

d2$i d.fl:z

M = fir i(to) = o, E(to) =y, (i=1,2,..,N),

where f; is a force, which acts on the molecule ;. A solution of these equations defines position
and velocity of molecule y; at any moment of time ¢. If we have been able to solve these equations
we could answer on any question about behavior of media in the volume V. However this way is
impossible, because the number N is very large and we don’t exactly know the forces f;. Therefore
in continuum mechanics we adopt a macroscopic viewpoint: we ignore all the fine details of the
molecular or atomic structure and, for the purpose of study, we replace the microscopic medium
with a hypothetical continuum in which the basic values are replaced by average values.

To distinguish the continuum or macroscopic model from a microscopic one a concept of the
mean free path plays a fundamental role. This concept can be defined as an average distance a
molecule travels between successive collissions with other molecules. The ratio of the mean free
path A to the characteristic length L of the physical boundaries of interest, called the Knudsen
number K, = A/L, may be used to determine the separating line between the macroscopic and
microscopic models. Based on the Knudsen number the motion regimes are grouped as:

(a) continuum (Kn < 0.1);

(b) rarefied gas (0.1 < K'n < 5);

(¢) free molecular flow (Kn > 5).

Regimes (a) and (b) belong to macroscopic models. All these regimes are encoutered in real
life.

Two macroscopic theories are the most widespread: molecular-kinetic theory and phenomeno-
logical one.



o6 CHAPTER 2. MATHEMATICAL MODELLING

In molecular-kinetic theory all average values are described with the help of theoretical-
probability approach. The mathematical model has the form of the Boltzmann equation. We
study the phenomenological theory.

4. A basis of the phenomenological theory forms a representation that each point of a body
V' has density, velocity and other mechanical values. These values are defined as limits of some
average values, which are formed by the following way.

Let molecules y; (i = 1,2,..., N) from volume V' have mass m;, velocity v; and internal energy
U;. With the help of these values one calculates macrocharacteristics of the volume V: M =
SN m, is the mass, K = Y.~ myv; is the impuls, E = Zf\;l(ng + U;) is the full energy. Then
p« = M/V is the average density, v = K/M is the average velocity, U, = U/V is the average
energy. Here U = sz\;(mzw + U;). The macroscopic characteristics of the volume V' can be
expressed by means of the average values:

M=p.V, K=pwn.V, E= (%pwf +U)V.
The hypothesis of the physical continuum allows to give to the point x the ”limit” values of
average ones, for example, p = lim p,, v = lim v, where the volume V vanishies that x € V.
A mathematical model has the form of conservation laws of changing macroscopic characteristics
with respect to time.
We will construct the phenomenological theory of continuum mechanics as the theory of some
mathematical structure. This mathematical structure is based on some system of axioms.

2.4 Basic definitions and axioms

Definition 2.1. Continuous medium is a part of changing with time physical space. It means that
continuous media is a part of Euclidean three dimensional space R?, and the time is independent
from events. We consider non-relativistic Newtonian approach, i.e. the time is absolute.

Axiom 1 (axiom of space-time). Continuous medium is a subset of three dimensional Eu-
clidean affine space. The time is absolute.

An Euclidean-affine space is a curvature-free space in which a set of rectangular Cartesian
coordinates can always be introduced on a global scale. It is a linear three dimensional space over
field of real numbers R. In this space the origin point O is fixed. Open connected sets 2 € R? is
regarded as a positions (configurations) of continuous medium.

Set 2 € R? is called a material domain (or media) if an additive positive function of sets M (w)
is defined on it, which is named by mass. It is supposed that for any (nonempty) volume w C Q
its mass is M (w) > 0. The additiveness of mass means that if w; C Q,ws C Q and wy Nwy = 0,
then M(wy Uws) = M(wy) + M (w2).

Besides mass we determine another additive function of set, which we call internal energy and
we denote it by Ej;.

Definition 2.2. Media ) is called material continuum, if functions M and E; are differen-
tiable on Q) and their densities (volume densities) are bounded.

Volume density of mass is denoted by p and it is called a density of media (or simply density).
Volume density of energy is denoted by pU and U is called specific internal energy (internal energy
per unit mass). The following formula

M) = [ pto.Biw) = [ pUas



2.4. BASIC DEFINITIONS AND AXIOMS 57

determine the connection between additive function of set w and its volume density.

Axiom 2 (axiom of material continuum). Continuous medium is material continuum.

The transition of continuous medium from position €2; into position €25 is called its motion. A
motion of continuous medium depends of time ¢, which is changed in some interval 7 = (a,b) € R.
Position of medium at the moment of time ¢ is denoted by €2;. We fix a moment of time t, € 7
and for all £ € 7 we consider one-parametrical family of movements ~; from position €2;, onto
;. It means that we have mapping v : 4, x 7 — Q; . We denote v(§) = (&, t) for all
€ € Q and Y (t) = (& t) for all ¢t € 7 or we will write v, © )y — Q7+ 7 — Q. A Set
{x € R¥: 2 =n(t),t € 7} is called a trajectory of point & € Q.

Axiom 3 (axiom of movement). For all ¢ € 7 there exist the movement 7; of continuous
medium from position €2, onto position €2; and mapping 7 : €y, — €2 is homeomorphism; for
all point § € €2, the mapping ¢ : 7 — € is continuous and piecewise continuously differentiable
function on 7.

Remark.(definition of Homeomorphism)
Homeomorphism From Wikipedia, the free encyclopedia. (Redirected from Homeomorphic)
This word should not be confused with homomorphism.

In topology, two geometrical objects (or "spaces”) are called homeomorphic if, roughly speaking, the
first can be deformed into the second by stretching and bending; cutting is also allowed, but only if the
two parts are later glued back together along exactly the same cut. For example, a square and a circle
are homeomorphic. A hollow sphere containing a smaller solid ball is homeomorphic to a hollow cube
with a solid cube outside of it. If two objects are homeomorphic, one can find a continuous function
which maps points from the first object to corresponding points of the second object, and vice versa.
Such a function is called a homeomorphism; intuitively, it maps points in the first object that are ”close
together” to points in the second object that are close together, and points in the first object that are
not close together to points in the second object that are not close together. Topology is the study of
those properties of objects that do not change when homeomorphisms are applied.

For a formal definition, suppose X and Y are topological spaces, and f is a function from X to Y.
Then f is a homeomorphism iff all the following hold:

1. f is a bijection, 2. f is continuous, 3. the inverse function f~! is continuous.

If there exists a homeomorphism f : X — Y, then Y is said to be homeomorphic to X (or to be a
homeomorph of X). In this case, Y is also homeomorphic to X, since f~! is a homeomorphism, and we
say that X and Y belong to the same homeomorphism class.

For example, the unit circle S' and the unit square in R? are homeomorphic. The open interval
(—1,1) is homeomorphic to the real numbers R. The product space S' x S! and the two-dimensional
torus are homeomorphic.

The third requirement, that f~! be continuous, is essential. Consider for instance the function
f:[0,2m) — S! defined by f(¢) = (cos(ip), sin()). This function is bijective and continuous, but not a
homeomorphism.

If two spaces are homeomorphic then they have exactly the same topological properties. For example,
if one of them is compact, then the other is as well; if one of them is connected, then the other is as
well; if one of them is Hausdorff, then the other is as well; their homology groups will coincide. Note
however that this does not extend to properties defined via a metric; there are metric spaces which are
homeomorphic even though one of them is complete and the other is not.

Homeomorphisms are the isomorphisms in the category of all topological spaces. As such, the com-
position of two homeomorphisms is again a homeomorphism, and the set of all homeomorphisms X — X
forms a group.

Informal discussion

The intuitive criterion of stretching, bending, cutting and gluing back together takes a certain amount
of practice to apply correctly—it may not be obvious from the description above that deforming a line
segment to a point is impermissible, for instance. It is thus important to realize that it is the formal
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definition given above that counts.

This characterization of a homeomorphism often leads to confusion with the concept of homotopy,
which is actually defined as a continuous deformation, but from one function to another, rather than one
space to another. In the case of a homeomorphism, envisioning a continuous deformation is a mental
tool for keeping track of which points on space X correspond to which points on Y — one just follows
them as X deforms. In the case of homotopy, the continuous deformation from one map to the other is of
the essence, and it is also less restrictive, since none of the maps involved need to be one-to-one or onto.
Homotopy does lead to a relation on spaces: homotopy equivalence.

There is a name for the kind of deformation involved in visualizing a homeomorphism. It is (except
when cutting and regluing are required) an isotopy between the identity map on X and the homeomor-
phism from X to Y.

This axiom allows to postulate a point of continuous medium. A material point (or particle)
of continuous medium is called a point z = (&, t) € €, which is obtained as a result of movement
of fixed point & € €. Every particle describes in R? the trajectory of this point.

Definition 2.3. A set of points which consists of the same particles for all t € T is called
a material volume wy. By virtue of axiom 8 for all £ € Q, and all (except maybe finite number)
values t € T there exists a derivative

0
a (f,t).

Definition 2.4. A derivative %v(f,t) is called a velocity of point § € 4y, and it s denoted
by
0
= (&, 1).

Let F' be either a scalar or vector or tensor function of position x and time ¢, representing
some physical property of the movement. There are two ways of description of field F' given on the
moving continuous medium. The first one is called by Eulerian way. It consists of in the giving
of value of field F' on the position €2, as a function of x € R? and time ¢t € 7, i.e. it has a value
F(z,t).

A second way is called Lagrangian one. In this case given field is considered as a function of
each particle £ € €, at the moment of time ¢ € 7. Let it be F({,t). The functions F(z,t) and
F(&,t) are connected by identity

(&, 1) = F(v(&,1),1). (2.6)
There are two possible time derivatives: aFa(f’t) and aFa(f’t)
OF (x,t
A value % is the rate of change of field F' measured by an observer stationed at the

fixed point x € {); and it is a local time variation of F'.
On the other hand, OF (S, 1)
with the particle. The differentiation (2.6) with respect to ¢ gives
OF(&,1) _ OF (z,t) n OF (x,t)

ot ot ox

is a rate of change of F(£,t) measured by an observer moving

<v >

OF(z,t) N OF (z,1)
ot Ox

tive, or the derivative following the motion) and it is denoted by symbol

< v > is called a total derivative (material or substational deriva-
dF(x,t)

A value

. So, for any
smooth field F' = F(z,t) its derivative is given by formula
dF(z,t) _ OF(z,t)  OF(x,1)

= + <v >

dt ot ox
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In particular, if F' =z = (£, t) and we obtain the formula for the definition of velocity

de _ 0v(§,t)
dt Ot

Definition 2.5. Coordinates (,t) are called material or Lagrangian coordinates and (z,t)
are called spatial or Fulerian coordiates.

A difference between these descriptions is essential. For example, if field of a vector of velocity
is known in Lagrange description, i.e. we have a vector—function v(,t), then we can find a
trajectories of particles (and then it means we can find a movement of continuous medium)

t
x:§+/v@fM£
to
And if we know a field v in Eulerian description (it means that we have v = v(z, t), then the same
problem of determination of trajectories gives us the Cauchy problem for the system of ordinary

differential equations

& = (e 1), 2(6 1) = &
In spite of the simplicity of first problem a Lagrangian description is convenient not always. In
particular, the main differential equations of continuum mechanics have simpler form in Eulerian
description.

In Eulerian description a map ~y : %, x 7 — €2, is obtained as a solution of Cauchy problem
(2). If vector—function v(x,t) is continuously differentiable then for such solution there exists
Jacobian J = det(g—z). For the Jacobian we have a kinematic formula, known as Euler’s formula:

dJ

o= Jdiv(v).

In addition to the main numerical characteristics of the material media (mass, energy) there
are the following additive functions of the set w C €2:
(i) linear momentum:

K(w) :/wpvdw

(ii) angular momentum:

(i) kinetic energy:
1
Er(w) = §/p1)2dw

(iv) total energy: F(w) = Ei(w) + E;(w).

The changes of these magnitudes under movement are the result of force and energetic actions
on the volume w. These actions are realized with the help of new magnitudes: resultant force
F(w), resultant moment G(w) and power N (w).

If we take these magnitudes for a fixed moving material volume w; C €); then they will be only
functions of time ¢. A following axiom determine the relations between them.

Axiom 4 (balance, poise). For arbitrary moving material volume w;, C €; and in any time
t € T we have

d d d d
EM(wt) = O, EK(Q&) = F(wt), EH(wt) = G(u)t)7 E

Sometimes this axiom is called a "hardening” principle, because these equalities are fulfilled
for movement of rigid body.

E(wy) = N(wy).
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2.5 Material volume and surface

A very useful in continuum mechanics is notation of a ”closed system” or a ”"material volume”.
A material volume is an arbitrary collection of particles enclosed by a surface also formed of
particles. All points of the material volume, including the points of its boundary, move with the
local continuum velocity. A material volume moves with the flow and deforms in shape as the flow
progresses, with the stipulation that no mass ever fluxes in or out of the volume, viz., both the
volume and its boundary are always composed of the same particles. We shall denote a material
volume by w; and its surface by dw,. Note that the use of material volume in continuum mechanics
is in the form of a thought experiment in which one isolates a parcel of material volume out of
the flow field and gives it a hypothetical surface. This helps formulate the conservation laws for
continuum mechanics in a straightforward manner.

To obtain the necessary conditions for a bounding surface of a material volume, first note that
the material volume is enclosed by a surface formed of particles. This surface is called the material
bounding surface. Since there cannot be a transfer of material across a material bounding surface,
the particles forming the inside surface of the material volume can never become the particles
forming the outside surface of the same material volume. Consequently, it qualifies as a material
surface since it is always composed of the same material points.

Let f(x,t) = 0 be the equation of a bounding surface dw; enclosing the material volume OJw.
Let n be the unit external normal to dw;, then:

ne YL
VS

To obtain the necessary conditions for dw; to be the bounding surface of a material volume, we
follow Kelvin who states that ”...to express the fact that every particle of fluid remains on the
same side of the surface, or that there is no flux across it, we must find the normal motion of the
surface ...” Let v, be the velocity of any point normal to dw;; then the equation of the surface at
time t + 0t is

flz+dz,t+0t) =0

where
0x = nv,ot

Using Taylor’s expansion, we have:

U V=0 (2.7)

If the bounding surface is a material surface, then the velocity at any point normal to the surface
must be equal to the normal continuum velocity, i.e., v, = v - n. Using Equation (2.7), we get:

a _of
dt ot
Thus, for a bounding surface to be a material surface, the surface f(z,t) = 0 must satisfy this

equation.
Remark (another proof).

+v,(nVf)=0

flz,t) =0, Ozf(x+5x,t+5t):f(x,t)—i—%ét—i—Vféx—i—...
o of 5z L of
=0t(5, TV <)+ =05 + Y 0) o+
Foen. =0, Lo g ovs= v on|v.

dt



2.6. RELATION BETWEEN ELEMENTAL VOLUMES 61

2.6 Relation between elemental volumes

We shall denote any arbitrary closed volume in the €2, by wy, so that it is a volume " frozen” in time
with surface Owy,. Let F(z,t) be a physical property per unit volume and let it be continuously
differentiable in €2;. The amount of this property in a material volume w; at the time ¢ > ¢, is

/% F(z,t) dw:/wt FO(&,)J dwg

0

The rate of change of value fw F(z,t) dw as the volume moves with the movement is (we assume
that movement ~y : €, — € is continuously differentiable one):

d d 9
T /w F(a,t) dw = %(/M0 FO(&,1)J duwo) = /MO o (FO(E.6)7) dun =

B OF (¢&,1) aJ
= /w (JT + Fo(g,t)a)dwo

0

By virtue of Euler’s formula, we get

d aFO

Reverting to the material volume w;, we obtain

d dF :
pr 5 F(z,t) dw = /M(% + F(div v))dw

Using the definition of %, we also have:

d OF | oF
E/%F(x,t) de/m(E—i—UVF—l—Fdw v)dw_/%(g-i—dw (Fv))dw

We use Gauss-Ostrogradskii divergence theorem

d oF
2| F = [ = F
o /wt (x,t) dw /wt o dw—l—/aw vn do,

where n is the outward drawn unit normal to Owy.

We received the Reynolds’ transport theorem, which states that the rate of change of the total
property F'(z,t) contained in material volume is equal to the volume integral of the instantaneous
changes of F'(x,t) while keeping w; fixed at a given time, plus the surface integral of the rate of
spreading of F'(z,t) to the adjoining region due to the surface velocity v.

2.7 Kinetics of movement

For further we have to specify the right sides in the formulae of Axiom 4. At first we define a
concept of resultant forces. We will consider two types of forces which act on a material volume
w:

(a) body forces,

(b) surface forces.
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The body forces are forces of an extensive character acting on the bulk portions of the contin-
uous medium and arise due to some external cause. Examples of the external causes are (a) the
force of gravity, (b) forces of electric and magnetic origin acting on a continuous medium carrying
charged particles, etc.. The body force is proportional to the volume of a continuous medium and
therefore it is expressed as a force per unit volume.

Definition 2.6. An additive vector-function F, having a density (body force per unit mass)
is called an external body force. If we denote the body force per unit mass by the symbol f(x,t),
so that the body force per unit volume will be pf. Therefore, the external body force acting on the
volume w s given by formula

Fe(w) —/wpfdcw

And the moment of external body force acting on any material volume w is defined by the formula

Ge(w) :/p(x X f)dw.

The surface forces are forces of an intensive or local nature. The surface forces arise due
to mechanical interaction between contiguous portions of a continuous medium. To explain the
phenomena from a continuum point of view, we consider two adjacent portions of continuous
medium separated by an imaginary surface drawn in the medium. At the separating surface
there exists a direct mechanical contact between the medium particles on the two sides of the
surface, thus, giving rise to forces of action and reaction. If the continuous medium on one side is
imagined to have been replaced by the force system which it has produced, then at each point of
the imaginary surface there will be a force vector.

Internal surface force acts on a volume w only through its surface Ow. In order to define it we
consider cross section Y of €2 by some plane dividing €2 on two parts €2; and 2.

Definition 2.7. Additive vector-function F; of sets o C X is called an internal surface force
acting through a cross section X from the side 2o on the €)y.

Axiom 5 (of internal surface forces). An internal surface force is defined for any cross section
Y of Q and it has a density (surface ) on X.

Remark. This axiom is named a Cauchy stress principle and it asserts the existence and
differentiability of this force.

Let n be a local outward drawn unit normal vector of ¥ directed in the side of s (positive
side of 7). The density of internal surface force we denote by p,.

Definition 2.8. A wvector p,, is called stress vector of surface forces acting on 21 through the
area with the normal n.

And for the ¢ C X the force, which acts on part {2; from the side of part 25 through an area
o is equal to

Fi(o) = /, pn do.

Definition 2.9. The value
Fi(w) = / Pn do.
Ow

1s called an internal surface force acting on volume w C € from the side of ). Here n is positive
outward drawn unit normal vector to the surface volume w.
The value

Gitw) = [ (@xp)do
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is called a moment of internal surface force, acting on the volume w.
Axiom 6 (of forces and moments). The (main) resultant force and resultant moment, acting
on any material volume w C € are given by formulae:

F@) = F@) +Fw) = | pudot [ pf do

0

Gw) = Gi(w) + Ge(w) = / (x X p,) do + / plx x f) dw.

Ow w

Remark. This axiom asserts that only such moments and forces act on the volume w C €2
(we have no other forces and moments).

We have to determine a power N(w).

Definition 2.10. The values
Ni@) = [ opado, Now) = [ pof e
Ow w

are called powers developing by internal surface forces and external body forces.
By the similar way as for an internal surface force we define a heat output.

Definition 2.11. An additive scalar function @ of sets o C X is called a heat output through
area X2 from the part Qg into §2.

Axiom 7 (of heat output). A heat output is defined for any cross section ¥ of Q and it has a
density (surface density) on ¥. The surface density of heat output is denoted by ¢, and the value

Qo) = /UQn do

gives the heat output from the (25 into €2 through the area o C .
Definition 2.12. The value
Qw) = / qn do
Ow

is called a heat output into volume w C 0 from the domain Q\w. Here n is a positive outward
drawn unit normal vector to the volume surface Ow.
Axiom 8 (of energy transfer). The power N(w) getting by any volume w C 2 is equal to

N(w) = Ni(w) + Ne(w) + Q(w) = /

vpndo—i-/pvfdw—i-/ qn do.
Oow w ow

Remark. This axiom fixes an assumption that we have no any mechanisms of the receiving
of energy by a volume w C 2.

Resume.

We can summarize the previous axioms and definitions as the following classical mathemat-
ical model of moving continuous media.

Mathematical model 1 (integral conservation laws).

In the moving continuous media for any moving volume w; C €2, and any moment of time ¢t € 7

the following equalities are hold:
d

il dw) =
dt(/%p w) =0,

d
E</ pvdw):/a pnda—i—/pfdw, (2.8)
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%(/wtp(xxv)dw):/aw(xxpn) do—l—/ ol x f) dw

Wt

d 2
d—(/ p(v——l—U)dw):/ vpnda—i-/pvfdw—i-/ ¢, do.
t wt 2 Owe wt Owe

Every of these equalities is called by ” conservation law” of the corresponding mechanical value:
conservation law of mass, conservation law of linear momentum, conservation law of angular
momentum, conservation law of energy.

Definition 2.13. (main definition of continuum mechanics). A moving continuous media
1s an object satisfying the axioms Ai-As. A mathematical model consists of four conservation
laws.

2.8 Continuous motion

The main functions (magnitudes) related to a moving continuous medium: a density p, a specific
internal energy U, a velocity v, a stress p,, with a normal vector n, a density of heat output q,,
and a density of external body forces f, we will consider (further) in Eulerian description. It
means that these functions are functions of (z,t) in a domain W C R*(z,t). The magnitudes p,
and ¢, depend on unit vector n € R (point of unit sphere S;) and therefore they are given on
the product W x Sj.

At first we study a class of movements of continuous media where the main magnitudes are
sufficiently smooth functions.

Definition. A movement of continuous media is called continuous in a domain W if the
functions p,U, v, p,, g, are continuously differentiable functions in W, the functions p,,q, are
continuous in W x S;, and the function f is continuous in W.

Let us consider the derivative p

Fd
a ),

where the vector-function F(z,t) is continuously differentiable and a movement of continuous
media is continuous. In order to calculate this value we do a transition to the Lagrange’s system
of coordinates x = y(x,t). The integral has the form

/ plx, t)F(z,t) dw :/ p(& ) F(&,)J(E,t) dwy

wto

By virtue of the theorem of Real analysis we can replace an integral and derivative and in the
strength of Euler’s formula, we obtain

O (D& AV (ET(E1) = & (o, ) (o, 1 (2, 1)) = T (pla, )F (2, 0)) + e 1) (e, ) dive(0)]
Hence,

% plx, t)F(x,t) dw = / (jt( (z,0)F(z,t)) + p(z,t)F(z,t) divy(v)]) dw

For example, if F' = 1, then

% p(z,t) dw —/ (jt (z,t) + p(z,t) divy(v)) dw = 0.
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Because w; is an arbitrary volume then by virtue of the lemma

d
prl + pdiv,(v) = 0.

This equation is called a continuity equation. It is equivalent to the mass conservation law on
class of continuous motions.
The continuity equation allows simplifying

d dF
| Fdw= | 2% 4
at ), /wtpdt W

2.9 Conservation of linear momentum.

By virtue of formula (2.8) the equation of linear momentum takes the form

/ pndO':/ © dw
&ut Wt

where ¢ = p(d—: — f) is continuous in €.
Theorem. There exists a tensor field of second order P in W that for all (z,t) € W

pn(z,t) = P(z,t) <n >

Proof. At a fixed point (z,t) € W, (in fixed time ¢ point = € €);) the vector p,, is a continuous
function p : n — p,, (we write p, = p(n)). We have to prove that this function is linear. Let {e'}
be an orthonormal basis in R3. Then n = n,e®. For the proof of the theorem it is enough to
prove that

Pn = NgPec,

because we can determine the tensor
P <n >=ngpee
At first we prove that p_,, = —p,, or
p(=n) = —p(n).

Let B.(z) C € be ball at the point = € €, with radius € and 3 be plane with normal vector
n and passing through the point x. The ball B.(z) is divided by this plane on two half-balls w;
and wy : B.(x) = w; Uwy with cross-section 0. = w; Nwy. We have the equalities

/ pndo':/(pdw7/ pnda:/gpdw,/ pnda:/gpdw
Ow1 w1 Ows w2 0B: B:
/cpdw:/gpdw—l—/g&dw,

/ (P, + p—n) do = 0.

O¢

Because

then we get
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By virtue of continuity of the function p and because ¢ is an arbitrary small parameter, we obtain

DPn+DPpn = 0.

Let a fixed vector n® = nle® be with nl # 0. We consider the infinitesimal tetrahedron A,

whose vertex is at x with its three faces o., being parallel to the coordinate planes:

€ € €
hy = —, ha = —5, ha = —

Denoting o. slanted face of this tetrahedron with outward drawn normal n°, we have 0., =
|n?|o.. We take height € such that A, C Q;. Then

A, =0.Uo, Uo.,Uo,,

3
pndo—/pno do + /pnda—/ v dw.
[;As oc ( ) ; Oe¢; Ac

Because on the face 0., we have n = +e’ (we take + if n? < 0 and —if n{ > 0) we find

3
/ p(n°) do + Z/ p(Fe') do = / ¢ dw.
oe i=1 Yo, Ac

By virtue of continuity of the function p(n) and the Mean value theorem we have

and

3
O¢ pzo(no) + Zaa p:}cl(:[:el) = SD(Z) E0¢
i=1

where zy € 0., x; € 0.,, z € A.. Then

Pay(n”) — Z ny pa,(e) = ep(z).

If ¢ — 0, then ¢ — z,x; — x. In the strength of continuity of the functions p and ¢, we have
3
pa(n®) — Zn? pz(e’) = 0.
i=1

If one or two coordinates of the vector n” are equal to zero, then in the strength of continuity
of p(n) with respect to n we receive the proof of the theorem for all vectors n.

Definition. The tensor P is called a stress tensor.

Now let us consider the conservation law of linear momentum. Using Gauss-Ostrogradskii

theorem, we have
/ pndUZ/ P<n> daz/div(P)dw.
Owy Ows wt

Hence, the equation of linear momentum is reduced to

d
/Wt(pd—: —div(P) — pf) dw = 0.

For the continuous motion the integrand function is continuous. Since this equation is valid for
any volume wy, then we get the differential form of the conservation law of linear momentum

dv
= — div(P .
P div(P) + pf
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2.10 Conservation of angular momentum.

Let us consider the linear transformation £ : R® — L(R3), which is defined by the formula

0 —a® a
E(a) = ad@ 0 —a' |,
—a? al 0

where a = a;e’ is a vector, {¢'} is an orthonormal basis. We have
E(a)<b>=axb=—-E(b) <a>.

If we use Gauss-Ostrogradskii theorem and z x P < n >= (E(z) o P) < n > we get

/ rx P<n> daz/ (E(x)oP) <n> dw:/ div(P o E(z)) dw.
8(4),5 8wt wt

The angular momentum equation is reduced to

/ (p(z x %) —div(E(x) o P) — pxr X f) dw =0

or the differential form has the form

d
p(x X d—/:) = div(E(x) o P) + px x f.
If we substitute in this equation the value p% being found from the linear momentum equation
we obtain

div(E(z) o P) = z x div(P). (2.9)

Theorem. Equation (2.9) is fulfilled if and only if the second order tensor P is a symmetric
tensor, i.e., P* = P.
Proof. The following chain of equalities are fair with an arbitrary constant vector (test vector)

a div(E(zx)o P) = div((E(x) o P)" <a>) = —div(P* o E(zx) <a>)=
= —tr(%(P* oK(z)) <a>)=—FE(r)<a>div(P)—tr(P"o %(E(m) <a>)) =
= a(z x div(P)) + tr(P* o (%(E(a) <z >)) =a(x x div(P)) +tr(P* o E(a)).
Hence,

tr(P*o E(a)) =0
for arbitrary test-vector a. Because
tr(P* o E(a)) =tr((P*o E(a))*) =tr(E(a)* o P) = —tr(E(a) o P) = —tr(P o E(a))

we have

2tr(P* o E(a)) =tr(P* o E(a)) —tr(Po E(a)) =0

or we can rewrite

tr((P*— P)o E(a)) = 0.
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For the tensor (P* — P) there exists a vector ¢ such that
E(c)=P* - P.

Therefore
tr(E(c) o E(a)) = —2ca = 0.

By virtue of arbitrariness of the vector a the vector ¢ is equal to 0, it means that E(c) = 0 or
P*—P=0.

Conversely, let P* = P, then tr(P* o E(a)) = 0 and therefore (2.9).
This theorem means that for any continuous motion a conservation law of angular momentum
is equivalent to symmetry of the stress tensor P.

2.11 Conservation law of energy.

For a continuous motion the conservation law of energy is reduced to the equation

/ qndJ:/ Y dw
8wt wt

where ¢ = p& (102 + U) — div(P < v >) — pvf. This equation can be used for a proof of existence
of a heat output rate vector (heat flux).
Theorem. For a continuous motion in W, there exists a vector field ¢ in W that for all
(x,t) e W
gn(7,t) = —q(z,t) n

Proof is the same as in the theorem of existence of the tensor P.

Exercise. Prove this theorem.

Definition. Vector g is called a heat output rate vector (or heat flux).

Introducing the heat output rate vector allows transforming a surface integral into the volume

integral:
/ qn do = —/ qgn do = —/ div(q) dw.
&Uz &uz Wt

The conservation law of energy becomes

/ (¥ + div(q)) dw = 0.

By virtue of continuity of motion and arbitrariness of a material volume w;, we obtain ¢ +div(q) =
0 or i1
'OE(EQF +U) =div(P < v >)+ pvf — div(q).

We simplify this equation by using the relationships

ov 1 Ov o ov,. d, 1, d , o ‘
P.a—x—QP.(%—i—(%) ), E(év)—%av, div(P <v>)=vdiv(P)+ P:D,

where D is a rate-of-strain tensor

B ov ov

2D—%+(£)
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dv
Substituting P from the differential form of the linear momentum conservation law (equation

of motion) we find
dU

Pt
This equation is called an energy equation (or heat flux equation).
Resume.
For arbitrary continuous motion of continuous media described by model M;, there exist
continuously differentiable fields of symmetric stress tensor P and a vector of heat output rate
with which the integral conservation laws are equivalent to the system of differential equations

=P : D —div(q).

% + p div(v) =0,
dv
Y _ div(P
pgy = dw(P) + pf,
au
—=P:D -
P div(q)

This system of partial differential equations is called a model of continuous motion of continuum
mechanics. If we assume that the body force is prescribed, then the model My consists of five in-
dependent (scalar) equations involving fourteen unknown variables, namely, p, v, P,U, q. A model
is called ”closed” if a number of unknown variables is equal to the number of equations in the
model. And so, we have a problem of closing the model M. This problem has to be solved on
the basis of an additional information about continuous media.

2.12 Invariants of stress tensor

Let us consider eigenvalues A and eigenvectors [ of the linear transformation P :
(P— M) <l>=0.
Because [ # 0 then we receive characteristic equation (secular equation)
det(P — M) = —X* + 1A% — oA + Js,
where J(P) are invariants of stress tensor:

Jl(P> ZtT(P) :0'1+0'2+0'3,

1
Jo(P) = 5[(tr(P))2 — tT(P2)] = 0109 + 0903 + 0103 — 7'122 — 7223 — 7'123,
J3(P) = det t(P).

By virtue of symmetry of stress tensor (P* = P) a characteristic equation always has three real
roots: oy,0r1,07177-

Definition. The roots of characteristic equation are called principal stresses. Directions of
eigenvectors corresponding to these eigenvalues are called principal axes.

For the symmetric matrix we always can take orthonormal basis which consists of the eigen-
vectors. This basis {e;} is called principal basis of tensor P. In this basis the stress tensor is a
diagonal tensor with principal stress values on the main diagonal:

or 0 0
P = 0 Orr1 0

0 0 Orr11



70 CHAPTER 2. MATHEMATICAL MODELLING

In the terms of the principal stresses, the stress invariants may be written:
J\(P) =01+ 0+ o1,
Jo(P) = 01011 + 0110111 + 0107717,

JS(P) =0101107[]]-

Example. The components of the stress tensor at x are given in MPa with respect to axes
X1, T9, r3 by the matrix

57 0 24
Pl=| 0 50 0
24 0 43

Determine the principal stresses and the principal stress directions at x.
Solution. For the given stress tensor, secular equation takes the form of the determinant

57 — A 0 24
det 0 50 — A 0 =0
24 0 43 — A

which, upon cofactor expansion about the first row, results in the equation
(57 — A)(50 — A\)(43 — \) — (24)*(50 — \) =0
or in its readily factored form
(50 = A)(A—=25)(A=T75) =0

Hence, the principal stress values are o; = 25, o7 = 50, o777 = 75. Note that we confirm that
the first stress invariant,

J1 =57+50+43 =25+ 50+ 75 = 150

To determine the principal directions, we first consider o; = 25, for which Eq 3.6-3 provides
three equations for the direction cosines of the principal direction I' = (I1,13,13) of o; = 25,
namely,

3201 + 2413 = 0, 2515 = 0, 241 + 183 = 0.

Obviously, 13 = 0 from the second of these equations, and from the other two, I3 = —4I{/3 so
that, from the normalizing condition [} = 1, we see that ({)* = 9/25, which gives ] = +3/5
and [} = F4/5.

Next, for o = 50, Eq 3.6-3 gives,

TTI? + 2412 = 0, 2412 — 712 = 0,

212 = 1,13 = £1. Finally, for o;7;=75, Eq

)

which are satisfied only by I3 = [2 = 0. Then from [
3.6-3 gives
— 1812 4+ 2413 = 0, —25[3 = 0, 2412 — 3213 = 0.

Here from the second equation /3 = 0 and from either of the other two equations 413 = 3[3, so
that from (213 = 1 we have [§ = £4/5 and [ = +3/5.
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2.13 Special cases of the stress state.

2.13.1 Octahedral stress

The stress when n = j:\%(l’ 1,1) in the principal axes is called octahedral stress. For this unit
normal we have

1 1
pn=nP <n>= 5(01 ‘o o) = ng(P)u

OC 1
(P =pi=(P<n>)—(p.)? = g[(U? + ot +oiy) — (o1 + o+ o)’ =,

_2

1 2 2 2 2
= 5[(01 —o1r)” + (011 — orr)” + (o111 — 01)7] 9 Ji(P) — 3.J5(P)].

Octahedral stress plays a prominent role in the plastic theory.

2.13.2 The uniaxial state of stress.

The uniaxial state of stress is that for which only one principal stress component is different than
zero (for example, o7 = o777 = 0. Then in the principal axes:

0
0
0

01

0
[P]: 0 0 ,Jl(P)IO'[, JQ(P):Jg(P>:O
0 0

2.13.3 Simple shear (pure shear).

The state of simple shear is called such stress state when oy + o5 = 0, o777 = 0. Then normal
stress on the plane with unit normal vector n = \%(1, +1,0) in the principal axes is equal to zero

(pn = 0). On these planes we have a maximum of shear stress called octahedral stress. For this
unit normal we have the principal axes:

or

pr NG

2.13.4 Spherical stress state.

(1,+1,0).

The stress state with oy = 077 = oy is called spherical stress state. For the spherical stress state
for all planes. For this stress state we have in the principal axes:

Pn =07, pTZO

2.13.5 Plane stress.

In plane stress, all stress components are parallel to one plane. If we choose basis vectors {e;}
such that direction of vector es coincides with third principal axis and o;;; = 0, then the matrix
representation of stress tensor is:

o o2 0
[P] = 0921 092 0
0 0 0

and the stress vector lies on the plane with basis {e1,e2}. The characteristic equation for the
plane stress state is

N — JL(P)A2 + JL(P)A = A\ — Ji(P)A + Jy(P)) = 0.
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2.13.6 The deviatoric stress tensor.

The stress state at a place in a continuum body can be decomposed into components called the
spherical and deviator stress tensors. If we denote a value

1 1
gUu‘ = _J1<P)>

p= 3

(which is called mean normal stress) then
P'=P—pl

is called deviator stress tensor. For it the first invariant J;(P’) = 0. Others invariants are

/ 3 oc
JQ(P) = O—/%k: - J2(P) = §<p7' t)Qa
, 1 2
Jg(P) = Jg(P) - gakkJQ(P) + gO’kk.

2.14 Deformation

In continuum mechanics material bodies consisting of particles (material points) are studied. Any
change of a material volume €2;, — 2; is the result of a displacement of the points of the body.
The change in size or shape, or possibly both is called a deformation. A movement of material
volume is described by the homeomorphism ~; : €, — €2 (see Axiom 3). Let us suppose that
and (;)~! are continuously differentiable in the neighborhood of some particle & € €.

Definition 2.14. The vector

w=r—§=9(§1) = ¢

15 called a displacement vector of the particle £.

Let us consider two neighbor particles of the body situated at the point £ and & + d§ in the
initial undeformed configuration €2,,. Under the displacement these particles move to the positions
r = (§) and x + dz in the deformed configuration €2;. For the value of dz one has

de =T < d§ >,

x
where the tensor 7' = 8_5 is called a deformation gradient tensor or simply the deformation

gradient. The tensor T characterizes a local deformation at &. For describing motions we use
several measures of deformation. First let us consider the measure based on the change during
the deformation the following magnitude:

(dx)? — (d€)? = (T < dé >)(T < dé >) — (d€)* = dé((T o T — I) < d€ >)

The symmetric tensor
26=T"oT -1

is called a Lagrangean finite strain tensor. The difference (dr)? — (d¢)? may also be developed in
terms of spatial (Eulerian) variables

(dz)? — (d€)* = (do)* — (T  <do >) (T ' <dr>)=do (I — (T* 0T < dv >),
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where the symmetric tensor
2e=]-T"1oT t=2T"1ogoT™!

is called the Eulerian finite strain tensor.
Another measure of the deformation is a change of the angle between two elements d¢ and d;&:

do - dix =T <di>T < di€ >=d&(T" o T) < dy& >=dé (26+ 1) < di >

or
de-di¢ =T ' <de> T '<diw>=dr-(T" " oT™h <diz>)=dx-((I—2)<dix>).
These finite strain tensors may also be expressed in terms of the displacement gradient %—Qg:
ow ow ow ow 0w ow
F= U+ GO+ G — 1= (G + G+ (G o -
ow ow ow ., Ow
2e =2T" oo T ' =T" (T o ()" + 0T +T o (=) ——oT)T "
c °ce ( o(am) +8xo + O<8x)6xo )
Since P 5
w  Ow w
T=14+—, —=—0T
BT T
then 5
w
T =1-—
Ox
and
e = (g_lgt;)*Tfl _{_T*flg_zg + ((?9_1:)*%_@: —
= QU g+ (- 35 T (385 -
= ()" + 5 — (&) 5

The strain tensors in terms of Lagrangean or Eulerian components are symmetric second order
tensors. Moreover eigenvalues of the tensor 7™ o T' are positive. In fact, let a vector [ # 0 be an
eigenvector of the tensor T* o T', which corresponds to an eigenvalue A:

T oT <I>= AL

Hence,
ML) =TT <1>)=(T<1>)*>0.

The principal axes of T*oT and € coincide, and their eigenvalues, denoted by \; and ¢;, are related
with the formulae
)\i =1+ 261‘, (Z = 1,2,3)

Therefore the eigenvalues of a strain tensor satisfy the conditions

1
E; > 5
The principal axes of tensor & are called principal axes of deformation, and eigenvalues e; are
called principal strains.
If a strain tensor is equal to zero, then the length of the element d¢ is unchanged, and the
angle between any two elements d¢ and d;& will also be unchanged. Thus in the absence of strain
only a rigid body displacement can occur.
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Theorem. In any continuum media (for continuous motion) density p only depends on in-
variants of a Lagrangean finite strain tensor

_ Po
V14 2J1(B) +45(2) + 8J3(8)

P

where pg = p(x,to).
Proof. From the continuity equation one has
dp

pri —pdiv(v).

by virtue of the Euler’s formula we obtain

dpJ d dJ
dpJ _ dp _

dt a TP =Y

It means that
Jp = po(&).
Because J = det(T') and T* o T = 28 + I, then

1
det(T* o T) = det(T*) det(T) = det(T)? = det(28+ I) = 8det(Z + 5]) =

= 8det(E— A)y_ 1 = 8(=A*+ (BN — b(@A+ J5(B) | = 1+24(8) +44(E) + 8J5(8).

[A=

or

J=\/1+2J,(8) + 4J5(8) + 8J5(2).

2.15 Elements of mathematical thermodynamics

Thermodynamics studies relations between the heat energy and other kinds of energies and gives
rules of reciprocal conversion of one kind of energy into another. For example, if a body is heated,
then strains and stresses are developed. Conversely, if a body is strained rapidly, then heat is
generated inside the body.

The main notion of thermodynamics is a notion of a physical body state. Phenomenological
description of the state is given with the help of various functions called state variables. For
example, introduced before the density p (or specific volume 7 = 1/p), the internal energy U are
parameters of the state of continuous medium. Also absolute temperature 6 > 0, specific entropy
1 and pressure p are basic state variables.

Let z = (z1,29,...,2r) be a set of main state variables of continuous medium: other state
variables are functions of these variables. Such medium is called k-parameter medium. In the
space of state variables a change of variables from one state z(!) to another state 2 are separated
out. These changes are called processes. If for a process from z(!) into 2(?) there exists, process
from 2z into z(V), then such process is called reversible, otherwise it is called irreversible. The
state variables are obeyed the first and the second laws of thermodynamics.

The first law of thermodynamics may be stated as follows: the time rate of change of kinetic
energy and internal energy in a body is equal to the rate of work done on the body plus the
changes in all other energies, such as heat, magnetic, electrical, and chemical, per unit time or

d
Z(E.+E)=(N,+N, N,.
dt( .+ Ei) = (N; + )+Q+§
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In absence of the energies NV, other than those due to mechanical power (IV; + N,) and heat @,
we write the conservation law of energy.

The second law of thermodynamics is based on the concept of entropy associated with irre-
versible thermodynamic processes. The entropy is regarded as a measure of change of energy
dissipation with respect to temperature.

We define an entropy S as an additive continuously differentiable function

Sz/pndw,

where 7 is an entropy density per unit mass. Furthermore, the total entropy production B is
defined by:

p=® /aw(%)n do — /wp(%) dw > 0. (2.10)

This expression is referred as the second law of thermodynamics in continuum mechanics, which
states that the total entropy production is always greater than or equal to zero. This is also known
as the Clausius-Duhem inequality. We may rewrite equation (2.10) as

/w P 49— (] dw >0

or

dn 1
- .qg— —q-V0 — ph >
dt+V 1= 54 VO — ph > 0,

which is a local form of the Clausius-Duhem inequality. The value

po

d
o= pﬁd—? — ph + div(q)

is called an internal dissipation. Therefore, the second thermodynamics law states
1
@—gq-VQEO. (2.11)

The product (—6n) is the irreversible heat energy due to entropy as related to temperature, with
the negative sign indicating that compressive reaction results from thermal expansion (temperature
rise) in a restrained body. The sum of internal energy U and irreversible heat energy (—0n) is
known as a Helmholtz free energy F' = U — 6n. Substituting it into the energy equation, one

obtains iF 0
—=P:D—pn— — .
Pt P
Remark. For any irreversible process we count ® > 0, whereas & = 0 is for a reversible
process.
Remark. Here we added the additional term fw ph dw, in which h is the heat supply per unit

mass. Before this consideration we studied (see Axiom 7) that (h = 0)

Q= Gn do.
Ow
Axiom 9 (thermodynamics axiom). For continuous medium are fair the first and the second
laws of thermodynamics.
Because condition (2.11) takes place for irreversible and reversible processes, then we must
choose heat flux such that

1
——q-V60>0.
qu >0
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For example, the Fourier heat conduction law states that
q=—rVo,

where k is a new state variable, which is called a coefficient of heat conductivity.

Axiom 10 (Fourier’s axiom). A heat flux is proportional to gradient of temperature.

A coefficient of heat conductivity « is always positive. In the models of continuum mechanics
it is considered as a known function of other state variables. Therefore, the energy equation has
the form

d
pd_(t] =P : D+ div(kV8).

2.15.1 Ideal continuous media

For 7ideal” continuous media it is supposed that the stress tensor P is a spherical tensor
P = —pl,

here p is called a pressure. State variables of ”ideal” continuous medium are defined by five state
variables

1
pP= _7U707777p'
T

Because the stress tensor is a spherical tensor, then for any reversible process one has
Odn = dU + pdr. (2.12)

This equality is called the main thermodynamics identity.

Let us consider two-parameter ideal continuous medium. Between five state variables from
equation (2.12) one can obtain two equations. For example, if one take 7 and 7 as the main state
variables, then other variables are functions of 7 and n:

U=U(r,n), 0 =0(r,n), p=p(r,n).
Substituting these functions into the main thermodynamical identity, we get
Odn = U,dt + Uydn + pdr.
In this identity d7 and dn are arbitrary. Hence,

9 = Un(Tv 77)7 p= _UT(Tv 77)

For full description of thermodynamical state it is enough to have the function U = U(T,7).
Such functions are called constitutive equations. As usual these equations are obtained from the
physical experiments.

In continuum mechanics very often we use the following constitutive equations:

(a) the internal energy U is a function of the state variables 7 and n: U = U(7,n);

(b) the heat content (enthalpy) ¢ = U + pr is a function of the state variables p and #:
U+ pr =i(p,n);

(c) the free energy F' = U — 0n is a function of the state variables 7 and 6: U — 6n = F(r,0);

(d) the thermodynamical potential » = U — 0y + p7 is a function of the state variables p and
0: U —60n+ pr =1(p,0).

Remark. The main thermodynamical identity has another representation

O =U +pr.
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Exercises. Find two equations for the cases (a)—(d).
Answers.

(b) 0 =iy(p.m), T =in(p,n);

(C> n= _FH(Tv 9)7 p= _FT<7—7 9)’

(d) 7 =p(p,0), n = —o(p, 0).

2.16 Fluids

Definition. Fluid or gas is such continuous media in which the stress tensor P is a function
of rate-of-strain tensor D. Also the stress tensor depends on the thermodynamic state variables
IT=(p,U,0,n,p) and coordinates = and time ¢

P =F(D,II,x,t).

Concretization of the function F' is formulated in the Stokes axioms.
Axiom (Stokes). For fluids and gases are valid.
19. The form of F' does not depend either on position in space or on time (medium is homo-

geneous):
P = F(D,II).

20, The function F(D,II) is a continuous symmetric function of rate-of-strain tensor D
(medium is isotropic).
39 If D = 0, then medium is ”ideal”:

F(0,1I) = —pI
By virtue of the theorem and the property 2° one obtains
P =al + 3D +~yD?,

where the coefficients «, (3, are functions of invariants of the tensor D and also thermodynamic
state variables.
Axiom (state). Fluids and gases are two-parameter media for which the main thermodynamic
identity
Odn = dU + pdr

takes place. The coefficient of heat conductivity x is a known function of the state variables. For
example, K = K(p,n).

For a closure of system of equations, which describe a motion of fluids and gases one has to
know the functions

a=a(J(D),p,n), B=PBJ(D),p,n), v=J(D),p,n),

where J(D) = (J1(D), J2(D), J5(D)). We obtain a closed model of fluid or gas

d
d—i + pdiv(v) =0,
d
pd—: = div(P) + pf,
dU

P = P : D + div(kV0),
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where P = ol + 3D + vD?. From the Stokes axioms we only have

a(0,p,n) = —p,

the others we have to obtain from experimental data or we have to take additional assumptions.

Concretization of this model requires huge experimental data. Therefore this model is not
applied in practice.

Besides noted postulates, Stokes further assumed that P is a linear function of D.

Axiom. The function F(D,II) is a linear function of D.

From this axiom we have v = 0 and [ does not depend on invariants of a rate-of-strain tensor
D. Because only invariant J;(D) is a linearly dependent, then the function is a linear function of
Jl (D)

a=—-p+ (D), B =2pu.

The scalar invariants A and g depend on the thermodynamic state variables and they are called
the first and the second coefficients of viscosity, respectively. Hence, the stress tensor is

P = —pl + \div(v) + 2uD.

Sometimes it is useful to define the quantity

2
/:)\ —_
7 —I—3,u,

which is called a bulk coefficient of viscosity.
After substituting the representation of the stress tensor P into equations of fluid, one has

div(P) = —Vp + V(Adiv(v)) + div(2uD),

P : D = —pdiv(v) + P,

where ® = A(div(v))? + 2uD : D = (A + 2p)(div(v))? 4+ 2uD’" : D', and D' is a deviatoric of
strain-of-rate tensor: .
D'=D— gdiv(v)[.

The function @ is called a dissipation function. The second law of thermodynamics gives
K 2
o + 5(%) > 0.

Because ® does not depend on V#, we have to require that & > 0.
Let us consider the conditions under which ® is always nonegative, i.e., ® > 0. We rewrite the
value of the function ® in the principal axes of the rate-of-strain tensor:

d 0 0
D=0| 0 dy 0 |O",
0 0 ds

where O is an orthogonal transformation. In this matrix representation we have
® = A(J1(D))? + 201,d,01Oi5d 3015 = MN(J1(D))? + 2udpsdidrads =

= Md1 +dy + d3)? + 2p(d} + d3 + d3)
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1
= g[(?))\ + 2#)(6[1 + dy + d3)2 + 2#((d1 — d2)2 + (dz — d3)2 + (dg — d1)2)]
If & > 0 for all tensors D, then we obtain
3A+2u>0, u>0.

For real fluids these inequalities must always be satisfied.
Assume that 1 and p (or 7) are the main thermodynamical state variables, then from the main
thermodynamical identity we have

and then the energy equation has the form

dn _ div(kV0) + ®.

g _
N

If \, u,x and U are known functions of two parameters p and 7, then we obtain the closed
model of fluid dynamics

d d
d—'z + pdiv(v) = 0, pd—: — _Vp+ V(\div(v)) + div(2uD) + pf, (2.13)
dn .
@ _ ®.
pb = div(kV0) +
ou ou
0 = -_— = 2_.

This model is called a model of a viscous compressible gas.

2.16.1 Partial models of fluids and gases.
Viscous incompressible flow equations

Definition. Fluid flow for which the density remains constant are called incompressible flows.
For the incompressible flows
dp
— =0.
dt

From the continuity equation we have
div(v) = 0.
Axiom (incompressibility). For incompressible flows (p = const), the second coefficient of

viscosity is constant and does not depend on temperature.
In this case we find

div(2uD) = 2udiv(D) = u(div(g—z) + dw((%)*))

Let us simplify the expressions div(2%) and div((32)*):

v 0 O A N
. dw((a_x) ) = tr(a—x(% <a>)) = 8%(8—%%) = “ﬂaxaaxﬁ —

0 ,0v, 0

= a/ga—xﬁ 9z = aﬁ(a—wﬁdw(v)) = a - Vdiv(v)
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ov 0, 0v 0 8aava B
“ dw(ax) t<8x((8x) <ae>))= (8x Ox Z Uaaa B
v
—X=a-A
aazﬁ: &B% a- Av,
or
div(2uD) = p(Vdiv(v) + Awv).
Therefore, we have
div(v) =0, (2.14)
dv
— =vA
dt+ Vp vAv + f,

where v = u/p is constant (it is called a kinematic viscosity). In this system of equations we have
unknown only v and p. These equations are called the Navier-Stokes equations.
It is remarkable that thermodynamic does not participate in this model. The energy equation

do 1
— = —dt 0) + ¢
i e w(kVE) + @',
can be solved afterwards. Here
P = 2—VD’ D’
Co '

and ¢, is a known function of temperature.
Axiom (of ideal fluid). For ideal fluids the coefficient of kinematic viscosity is equal to zero
v =0.

In this case the system of equations (2.14) becomes simpler
div(v) =0,
dv 1

£+VP I

This system is called the Euler equations. For the Euler equation the energy equation has the
form (&' = 0):

do 1
— = di 9).
i o) iv(kV0)
If k and ¢, are constant functions, then we obtain the classical heat equation (k = k/(pc,))
df
= kAd.
dt

Equations of ideal gas (Euler’s equations)

Equations of inviscid (nonviscous) flow, originally derived by Euler, can directly be obtained from
(2.13) by setting A, x and k equal to zero.
Axiom (of an ideal gas). For an ideal gas

A=0, pn=0, k=0.
In this case the system of gas dynamics equations is

dp dv
= T pdiv(v) =0, p— 4+ Vp =pf,
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Flow in which p can be expressed as a function of p is said to be barotropic. For barotropic
flows the system of equations is separated on two parts

dp , dv
%erdw(v) =0, %‘FVF(P) =/
and J
n
T =
o =0, p=p(p),

where F(p) = [ %. This system of equations is called a system of a barortopic gas.

2.17 Elastic solids.

Definition. Continuous media in which the stress tensor P is a function of the finite Lagrangian
strain tensor £ are called solids.

Definition. In elastic solids thermodynamical processes are reversible ones. Thermodynamics
state variables are # and finite Lagrangian strain tensor £. The others state parameters are
connected with £ and # by additional axioms.

Because in elastic solids thermodynamical processes are reversible ones than

¢ = pon + div(q) = 0.
Axiom (of reversible process). In elastic solids there is equality
pOn + div(q) = 0.

Then the equation of conservation law we can rewrite as following

dU AU~ 0g
——-P:D ’ =p— —P: — '
P + div,(q) P at—i—dwx(q),
where P =T o P o T* and because e
~ OF
P:D=P:.:—
ot
Really:
og  oT* oT ov ov  OT* oT
% _ T+T o = (Eyorim ol = T+T 0" =
o~ o T g =G e T T e ge =% o T+T e,
:(%OT)*OT—FT*O(g—;OT):2T*ODOT,
Then

oF 5 0F 00
PW BT Pﬁa -
with Helmholtz free energy F' = U — 61 .
Axiom. Free energy F' of elastic solid is a function only 6 and £. Free energy F' = F(0,¢) is
isotropic scalar function of . After substitution in the energy equation we get

or _ OF 0 O0F09  OF 5 O 00
Por =Pz ot Tao ot Toar T o Mo
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If we compare left and right side we have

Lemma. Stress tensor P is 1sotrop1(: tensor function of .
Proof. Let F’ be derivative 2£ 8A. We have to show that for arbitrary orthogonal transformation
O we get
F'(Og0*) = OF'(8)O™.
Let € = O20*, then, because F'(O£0*) = F(€) and (by definition of derivative)
FE+A) —FE)2F(E):A FE+OAOD*) — F(E) 2 F'(B) : (OAO*)
F'(8): A=F'(g): (OAO")
B : (OAO*) = tr(B*OAO*) = tr(OO*B*OAO*) = tr(O*B*OA) = (O*BO) : A.
By virtue of arbitrariness of A we get
F'(8) = O*F'(8)O
or
OF'(8)0* = F'(O£0")
Now we are ready to rewrite all equations. We will use following relationships

divy(P) = dive(TP) — TPT* < dive(T*™") >

div,(q) = dive(T™" < q¢ >) — q - diveg(T*™"), V.0 =T < V0 >.
Proof. 1°.

a - divg(P) = tr(%P <a>)= tr((((fgp <a>)T1) = tr(Tl((%P <a>)) =
_ tr(a%(T—lp <a>))— tr(—aT_la; b >b:P<a>) _

a - dive(T~'P)* — divg(T*™') - P < a >= a - (dive(PT* ) — P < divg(T*™ ') >=
— a- (dive(TP) — TPT* < dive(T*™") >).
20,

dq

diva(g) = tr(2) = (Ol

U3

4 0q, 0 Tt <b>
) =tr(T 10_5) = tr<0_§(T T<g>))— tr(a—flb:q

= dive(T™" < q¢>) — q - dive(T*™).

) =

3°.
B a0, 00 B .1
a~Vx0—a-(%)—a—§T <a>=a-T"" <Vl >.
Let us consider x = v(£,t) = w(&, t) + £ then
ow ow 0w ow ., Ow
T=—+1, 2= — (=) =
I e e T e e
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Now we have
0w
e
0’°F 0 0O*F 00
' —+ ——
000 Ot 002 0Ot
where q= —kT 1 < V£9 >, ﬁ =a,l + ﬁ*g—F ’)/*52, p = po(l + 2J1<€) + 4J2(g) + 8J3(§)>71/2.
Axiom. There exist "natural” state of elastic solid in which

— dive(TP) — TPT* < dive(T*") > +pf.

) = —dive(T™" < q¢>) +q - divg(T*™),

P=0,=0, 0 =06)(= const).

2.17.1 Linear theory of elasticity.

Assumptions:
(a) (geometrically linear solids) :
small: w and all derivatives of w are small: they have the same order.
(b) (physically linear solids):
P is linear and homogeneously depends of € and (6 — 6;) .
(c) (physically linear solids):
T and % have the same order of smallness.
Some manipulations:

_Ow | Ow.,  Ow Ow Ow Ow,,
~ac Mg o) e e t )

~

gx~e, P~ P,

28

o = (0, 11(E), J2(8), J3(8) = o + alf + a2 1 (B) + a2 1a(8) + alJ5(8)

Because
P=0,8=0, 0 =0(= const)
then oY = 0and

P = (=00 + A, (&) + 248,

where o, \, u are constants.
p= pO(l - J1<g))7

0? ~
poa—;;) = —O'Vg@ + )\Vg(]l(g) + [Ldl?]g(QE) + p()f
a0 ~  3Ji(e)
pocoa = koAel — o (‘;t )
But 5 5
Ti(e) = divg(uw), divg(2) = divg(e + (5¢)) = Agw + Veldivg(w)),
because 5 5
0w . w., .
dw&(a—g) = Agw, dw&((a—g) ) = Ve(dive(w)).
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2.18 Shock relations

It is well-known experimental fact that in a real continuum media there exist surfaces, formed
of the material particles of the material volume, across which steeply high gradients of pressure,
density, temperature and velocity occur. In this case of real continuum media the transition from
one side to the other side occurs through a thin layer of material, called shock layer.

To establish the subject of shock waves from the first principle we start from the equations of
the mathematical model of moving continuous media (integral conservation laws).

In the moving continuous media for any moving volume w; C €2; and any moment of time t € 7
following equalities are fair:

%(/wtpdw) ~0, (2.15)

d
E</ pvdw):/ pnda—i-/pfdw,
wt Owt w

%(/‘wp(xxv) dw):/M(Mpn)dﬁ/p(xxf)dw,

w

d 2
d—(/ p(U—+U)dw):/ vpnda+/pvfdw+/ q, do.
14 wt 2 Owe wt Owt

All these equations can be written as concretization of the equation

4 Fdw:/ cp-nda+/xdw,
dt wt Owy wt

where F, ¢ and y are some functions.
For the continuous motion this equation can be reduced to

/(aa—];—l—div(FU—@))dw:/ X dw,

Let us consider bounded domain G' C R*(z,t) with piecewise smooth boundary I' = 9G (four
dimensional volume), for each point of which time ¢ belongs to the same interval 7 = (¢1,t5). We
take integral of the equation with respect to time t from t; to ts:

/tl " / t<%—f+dw<m_@> i)t /( /MX i

Because of the theorem of mathematical analysis

[2)
/ /Hdw:/HdG
t1 wt G

for function H(z,t). Let 1 be unit normal vector of direction ¢ in R*, then

%—f—i—div(ﬁ’v—gp) = Div(F14+ Fv — ¢) (2.16)

where Div is a divergence in the space R*. Therefore we can use the Gauss-Ostrogradskii theorem

/(%—F+div(FU—go))dG:/(F1+FU—gp)-de,
a Ot r
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where v is unit outward normal vector to I' in the space R*. Then equation (2.16) has represen-
tation

/(FH—FU—(p)-I/dI’z/HdG. (2.17)
r G

In the case of continuous motion equation (2.17) is equivalent to (2.16) for any material volume.
But we can use equation (2.17) for more general motions than the continuous motions, because
equation (2.17) has sense for more general functions.

Definition. Motion of continuous media is called generalized motion if the functions p, U, P, v, q
are bounded measurable functions of the independent variables (x,¢) and for them integral rela-
tions (2.17) are satisfied for any four dimensional volume G C R*.

Class of generalized motions are difficult for analysis. It has not even studied for more simple
models of continuum mechanics. We consider one very important subclass of generalized motions:
class motions with strong discontinuity.

Let motion be considered in the domain W C R* and this domain is divided by some smooth
surface

II= {(I’t) S R4| f(l’,t) = 0}

on two domains W; and Ws.

Definition. Generalized motion of continuous media is called a motion with strong disconti-
nuity if in each domains W; and W5 the functions p, U, P, v, ¢ have continuous limit values on the
surface II. If these values are different for WW; and W5, then a cross-section

I; = {z € R?| f(x,t) =0}

of hypersurface II is called a surface of strong discontinuity.

By virtue of this definition the functions p, U, P, v, ¢ have discontinuity of the first order (finite
jump) on the surface surface II. In every point on II they have two values: pq, Uy, P, vq1,q are
limit values from the domain Wi and po, Us, Ps, vs, g2 are limit values from the domain W,. We
show that these sets of values can not be arbitrary: they are connected by some relations, which
are called equations of the strong discontinuity.

Now we start obtaining these equations.

Let a point « € II; and o + nH(At) € Iy A;. Here n is a normal unit vector to II;.
Definition. A limit
H(At
D, = lim (&)
At—0 At

is called a velocity of replacement of surface II; in the direction of normal n.
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We note that the normal vector v has the same direction as a vector (f;, V,f) and V,f =
(V. f-n)n. Connection of D,, and four dimensional normal vector v is obtained from the following
formulae

flz,t) =0, f(xr+nH(At),t + At) = 0.
Therefore, after expanding the function f(z + nH(At),t + At) into Taylor series, we have

0= f(x+nH(At),t + At) = f(x,t) + fildt + (Vo f)nH(At) + O((At)?).
Dividing the last equation on At and tending At — 0 we obtain

It means that vectors v and 1+ D,n are orthogonal.

On the hypersurface IT we select small domain ¢ with smooth boundary v and we construct
close hypersurface I' = 01 + 02 + 03. Here o3 is a side surface of the cylinder G with directrix v,
o1 and o9 are parts of cylinder which are ”parallel” to the surface o located on a small distance
h from the surface o (see fig.2). In equation (2.17) the integral will consist of the three integrals:
with respect to surfaces 01,09 and o3. Then we tend h — 0. Because a measure of the surface o3
tends to 0 and integrand is bounded, then integral

/(F1+Fv—g0)-de—>0.

o3

Integrals with respect to o; and o5 tend to integrals with respect to ¢ but with different directions
of the normal vectors v; = —vy. Therefore we have

/[Fl+FU—g0]~VdF:O.

Here [ ] is a symbol of jump: [a] = as — a1, where a; and ay are limit values of the function a from
different sides of the surface o. By virtue of arbitrariness of the surface ¢ we obtain

[F1+ Fv—¢]-v=0.

or

[Ffe+ (Fv—¢)Vef] = 0.
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Substituting f; = —(V.f -n)D, and V,f = (V. f - n)n we can rewrite as
(Vaf - n)[F(vn — Dy) — ¢u] =0,

where v, =v-n and ¢, = ¢ - n.

Concretization of this abstract equation to (2.15) gives

p(v, — D) =0, [plv,—Dp)v—P<n>=0, [p(v, — Dn)(% +U)—vP <n>—gq,)=0.

It is more convenient to rewrite these equations by introducing

vV=0v,n+ vy, P<n>=pun+pp, v, =0, — D,.

n

Then we have

pUL 0] = [Panl, pos,[v7] = [Pur],

1 1
pU’;L[E((IU’/n)z + UE) +U — ;pnn] = [VrPnr + Gul-

From these equations we can see that if v/, = 0, then the first equations is satisfied.

Definition. A strong discontinuity with v/, = 0 or
v, = Dy,

is called a contact discontinuity.

Equations of contact discontinuity are
Up = Dnv [ TL] - 07 [UT]pnT + [q’ﬂ] =0.

Another typical case of a strong discontinuity is for "ideal” media in which a stress tensor
P = —pl is a spherical and ¢ = 0.
Definition. A strong discontinuity with v/, # 0 is called a shock wave.

Equations of a shock wave are

' I\21 _ L, 9 b,
[pvn] = 0, [P+ p(vn)"] =0, [or] =0, [5(v) +U+;] =0.



